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Creeping Flows – Two-Dimensional and Axisymmetric Problems
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Figure 7–3. A schematic representation of the proof that a spherical particle cannot undergo lateral migra-
tion in either 2-D or axisymmetric Poiseuille flow if the disturbance flow is a creeping flow. In (a) we suppose
that the undisturbed flow moves from left to right and the sphere migrates inward with velocity up . Then,
in the creeping-flow limit, if direction of the undisturbed flow is reversed, the signs of all velocities including
that of the sphere would also have to be reversed, as shown in (b). Because the problems (a) and (b) are
identical other than the direction of the flow through the channel or tube, we conclude that up = 0.

body without actually solving the full fluid mechanics problem and calculating the force by
integrating the stress vector n · T over the sphere surface.

3. Lateral Migration of a Sphere in Poiseuille Flow
One of the best-known experimental results for particle motion in viscous flows is the
observation by Segre and Silberberg2 of lateral migration for a small, neutrally buoyant
sphere (ρsphere = ρfluid) that is immersed in Poiseuille flow through a straight, circular tube
or in the pressure-driven parabolic flow (sometimes called 2D Poiseuille flow) between
two parallel plane boundaries. The experiments of Segre and Silberberg, and many later
investigators, show that a freely suspended sphere in these circumstances will slowly move
perpendicular to the main direction of flow until it reaches an equilibrium position that is
approximately 60% of the way from the centerline (or central plane) to the wall. Hence a
suspension of such spheres flowing in Poiseuille flow through a tube of radius R will tend to
accumulate in an annular ring at r = 0.6R. Because the Reynolds number for many of the
experimental observations was quite small, one might assume that a theoretical explanation
could be achieved by using detailed solutions of the creeping-flow equations with suitable
boundary conditions. However, in view of the complexity of the geometry (an eccentrically
located sphere inside a circular tube), this theoretical problem is extremely complex and
difficult to solve, even in the creeping-flow limit. Thus, before actually trying to solve
the problem, it is prudent to determine whether lateral migration is possible at all in the
creeping-flow limit.

The fact is that a theory based entirely on the creeping-flow approximation will lead
to the result that lateral migration is impossible, at least for a single sphere immersed in
axisymmetric or two-dimensional Poiseuille flow. To see that this is true, we can refer to
Fig. 7–3. Here is a sketch of the hypothetical situation of a sphere that is undergoing lateral
migration in Poiseuille flow through a tube. The undisturbed flow in part (a) of Fig. 7–3
is shown moving from left to right, and the sphere is assumed to be migrating radially
inward toward the center of the tube. Now, however, if the creeping-motion approximation
is valid, the governing equations and boundary conditions are linear in the velocity and
pressure, and we can change the signs of all velocities and the pressure and still have a
solution of the same problem but with the direction of the undisturbed flow reversed, as
shown in Fig. 7–3(b). However, because all the velocities have the opposite sign, the inward
migration velocity from configuration (a) must now become an outward migration velocity
for configuration (b). But there is now a clear contradiction. The problems in (a) and (b)
are clearly indistinguishable in all respects. Thus, if the sphere undergoes a lateral motion,
it should be in the same direction in both cases. Because the preceding argument, based on
the linearity of the problem, shows that a nonzero migration velocity in case (a) must lead
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located sphere inside a circular tube), this theoretical problem is extremely complex and
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is shown moving from left to right, and the sphere is assumed to be migrating radially
inward toward the center of the tube. Now, however, if the creeping-motion approximation
is valid, the governing equations and boundary conditions are linear in the velocity and
pressure, and we can change the signs of all velocities and the pressure and still have a
solution of the same problem but with the direction of the undisturbed flow reversed, as
shown in Fig. 7–3(b). However, because all the velocities have the opposite sign, the inward
migration velocity from configuration (a) must now become an outward migration velocity
for configuration (b). But there is now a clear contradiction. The problems in (a) and (b)
are clearly indistinguishable in all respects. Thus, if the sphere undergoes a lateral motion,
it should be in the same direction in both cases. Because the preceding argument, based on
the linearity of the problem, shows that a nonzero migration velocity in case (a) must lead

438

P1: JZP
0521849101c07 CUFX064/Leal Printer: cupusbw 0 521 84910 1 April 25, 2007 13:17

Creeping Flows – Two-Dimensional and Axisymmetric Problems

up

(a)

up

(b)

Figure 7–3. A schematic representation of the proof that a spherical particle cannot undergo lateral migra-
tion in either 2-D or axisymmetric Poiseuille flow if the disturbance flow is a creeping flow. In (a) we suppose
that the undisturbed flow moves from left to right and the sphere migrates inward with velocity up . Then,
in the creeping-flow limit, if direction of the undisturbed flow is reversed, the signs of all velocities including
that of the sphere would also have to be reversed, as shown in (b). Because the problems (a) and (b) are
identical other than the direction of the flow through the channel or tube, we conclude that up = 0.

body without actually solving the full fluid mechanics problem and calculating the force by
integrating the stress vector n · T over the sphere surface.

3. Lateral Migration of a Sphere in Poiseuille Flow
One of the best-known experimental results for particle motion in viscous flows is the
observation by Segre and Silberberg2 of lateral migration for a small, neutrally buoyant
sphere (ρsphere = ρfluid) that is immersed in Poiseuille flow through a straight, circular tube
or in the pressure-driven parabolic flow (sometimes called 2D Poiseuille flow) between
two parallel plane boundaries. The experiments of Segre and Silberberg, and many later
investigators, show that a freely suspended sphere in these circumstances will slowly move
perpendicular to the main direction of flow until it reaches an equilibrium position that is
approximately 60% of the way from the centerline (or central plane) to the wall. Hence a
suspension of such spheres flowing in Poiseuille flow through a tube of radius R will tend to
accumulate in an annular ring at r = 0.6R. Because the Reynolds number for many of the
experimental observations was quite small, one might assume that a theoretical explanation
could be achieved by using detailed solutions of the creeping-flow equations with suitable
boundary conditions. However, in view of the complexity of the geometry (an eccentrically
located sphere inside a circular tube), this theoretical problem is extremely complex and
difficult to solve, even in the creeping-flow limit. Thus, before actually trying to solve
the problem, it is prudent to determine whether lateral migration is possible at all in the
creeping-flow limit.

The fact is that a theory based entirely on the creeping-flow approximation will lead
to the result that lateral migration is impossible, at least for a single sphere immersed in
axisymmetric or two-dimensional Poiseuille flow. To see that this is true, we can refer to
Fig. 7–3. Here is a sketch of the hypothetical situation of a sphere that is undergoing lateral
migration in Poiseuille flow through a tube. The undisturbed flow in part (a) of Fig. 7–3
is shown moving from left to right, and the sphere is assumed to be migrating radially
inward toward the center of the tube. Now, however, if the creeping-motion approximation
is valid, the governing equations and boundary conditions are linear in the velocity and
pressure, and we can change the signs of all velocities and the pressure and still have a
solution of the same problem but with the direction of the undisturbed flow reversed, as
shown in Fig. 7–3(b). However, because all the velocities have the opposite sign, the inward
migration velocity from configuration (a) must now become an outward migration velocity
for configuration (b). But there is now a clear contradiction. The problems in (a) and (b)
are clearly indistinguishable in all respects. Thus, if the sphere undergoes a lateral motion,
it should be in the same direction in both cases. Because the preceding argument, based on
the linearity of the problem, shows that a nonzero migration velocity in case (a) must lead

438

P1: JZP
0521849101c07 CUFX064/Leal Printer: cupusbw 0 521 84910 1 April 25, 2007 13:17

Creeping Flows – Two-Dimensional and Axisymmetric Problems

up

(a)

up

(b)

Figure 7–3. A schematic representation of the proof that a spherical particle cannot undergo lateral migra-
tion in either 2-D or axisymmetric Poiseuille flow if the disturbance flow is a creeping flow. In (a) we suppose
that the undisturbed flow moves from left to right and the sphere migrates inward with velocity up . Then,
in the creeping-flow limit, if direction of the undisturbed flow is reversed, the signs of all velocities including
that of the sphere would also have to be reversed, as shown in (b). Because the problems (a) and (b) are
identical other than the direction of the flow through the channel or tube, we conclude that up = 0.

body without actually solving the full fluid mechanics problem and calculating the force by
integrating the stress vector n · T over the sphere surface.

3. Lateral Migration of a Sphere in Poiseuille Flow
One of the best-known experimental results for particle motion in viscous flows is the
observation by Segre and Silberberg2 of lateral migration for a small, neutrally buoyant
sphere (ρsphere = ρfluid) that is immersed in Poiseuille flow through a straight, circular tube
or in the pressure-driven parabolic flow (sometimes called 2D Poiseuille flow) between
two parallel plane boundaries. The experiments of Segre and Silberberg, and many later
investigators, show that a freely suspended sphere in these circumstances will slowly move
perpendicular to the main direction of flow until it reaches an equilibrium position that is
approximately 60% of the way from the centerline (or central plane) to the wall. Hence a
suspension of such spheres flowing in Poiseuille flow through a tube of radius R will tend to
accumulate in an annular ring at r = 0.6R. Because the Reynolds number for many of the
experimental observations was quite small, one might assume that a theoretical explanation
could be achieved by using detailed solutions of the creeping-flow equations with suitable
boundary conditions. However, in view of the complexity of the geometry (an eccentrically
located sphere inside a circular tube), this theoretical problem is extremely complex and
difficult to solve, even in the creeping-flow limit. Thus, before actually trying to solve
the problem, it is prudent to determine whether lateral migration is possible at all in the
creeping-flow limit.

The fact is that a theory based entirely on the creeping-flow approximation will lead
to the result that lateral migration is impossible, at least for a single sphere immersed in
axisymmetric or two-dimensional Poiseuille flow. To see that this is true, we can refer to
Fig. 7–3. Here is a sketch of the hypothetical situation of a sphere that is undergoing lateral
migration in Poiseuille flow through a tube. The undisturbed flow in part (a) of Fig. 7–3
is shown moving from left to right, and the sphere is assumed to be migrating radially
inward toward the center of the tube. Now, however, if the creeping-motion approximation
is valid, the governing equations and boundary conditions are linear in the velocity and
pressure, and we can change the signs of all velocities and the pressure and still have a
solution of the same problem but with the direction of the undisturbed flow reversed, as
shown in Fig. 7–3(b). However, because all the velocities have the opposite sign, the inward
migration velocity from configuration (a) must now become an outward migration velocity
for configuration (b). But there is now a clear contradiction. The problems in (a) and (b)
are clearly indistinguishable in all respects. Thus, if the sphere undergoes a lateral motion,
it should be in the same direction in both cases. Because the preceding argument, based on
the linearity of the problem, shows that a nonzero migration velocity in case (a) must lead

438

P1: JZP
0521849101c07 CUFX064/Leal Printer: cupusbw 0 521 84910 1 April 25, 2007 13:17

Creeping Flows – Two-Dimensional and Axisymmetric Problems

up

(a)

up

(b)

Figure 7–3. A schematic representation of the proof that a spherical particle cannot undergo lateral migra-
tion in either 2-D or axisymmetric Poiseuille flow if the disturbance flow is a creeping flow. In (a) we suppose
that the undisturbed flow moves from left to right and the sphere migrates inward with velocity up . Then,
in the creeping-flow limit, if direction of the undisturbed flow is reversed, the signs of all velocities including
that of the sphere would also have to be reversed, as shown in (b). Because the problems (a) and (b) are
identical other than the direction of the flow through the channel or tube, we conclude that up = 0.

body without actually solving the full fluid mechanics problem and calculating the force by
integrating the stress vector n · T over the sphere surface.

3. Lateral Migration of a Sphere in Poiseuille Flow
One of the best-known experimental results for particle motion in viscous flows is the
observation by Segre and Silberberg2 of lateral migration for a small, neutrally buoyant
sphere (ρsphere = ρfluid) that is immersed in Poiseuille flow through a straight, circular tube
or in the pressure-driven parabolic flow (sometimes called 2D Poiseuille flow) between
two parallel plane boundaries. The experiments of Segre and Silberberg, and many later
investigators, show that a freely suspended sphere in these circumstances will slowly move
perpendicular to the main direction of flow until it reaches an equilibrium position that is
approximately 60% of the way from the centerline (or central plane) to the wall. Hence a
suspension of such spheres flowing in Poiseuille flow through a tube of radius R will tend to
accumulate in an annular ring at r = 0.6R. Because the Reynolds number for many of the
experimental observations was quite small, one might assume that a theoretical explanation
could be achieved by using detailed solutions of the creeping-flow equations with suitable
boundary conditions. However, in view of the complexity of the geometry (an eccentrically
located sphere inside a circular tube), this theoretical problem is extremely complex and
difficult to solve, even in the creeping-flow limit. Thus, before actually trying to solve
the problem, it is prudent to determine whether lateral migration is possible at all in the
creeping-flow limit.

The fact is that a theory based entirely on the creeping-flow approximation will lead
to the result that lateral migration is impossible, at least for a single sphere immersed in
axisymmetric or two-dimensional Poiseuille flow. To see that this is true, we can refer to
Fig. 7–3. Here is a sketch of the hypothetical situation of a sphere that is undergoing lateral
migration in Poiseuille flow through a tube. The undisturbed flow in part (a) of Fig. 7–3
is shown moving from left to right, and the sphere is assumed to be migrating radially
inward toward the center of the tube. Now, however, if the creeping-motion approximation
is valid, the governing equations and boundary conditions are linear in the velocity and
pressure, and we can change the signs of all velocities and the pressure and still have a
solution of the same problem but with the direction of the undisturbed flow reversed, as
shown in Fig. 7–3(b). However, because all the velocities have the opposite sign, the inward
migration velocity from configuration (a) must now become an outward migration velocity
for configuration (b). But there is now a clear contradiction. The problems in (a) and (b)
are clearly indistinguishable in all respects. Thus, if the sphere undergoes a lateral motion,
it should be in the same direction in both cases. Because the preceding argument, based on
the linearity of the problem, shows that a nonzero migration velocity in case (a) must lead

438



3	
  

Microfluidica	
  
Dispersión	
  de	
  Taylor-­‐Aris	
  P1: JZP

0521849101c07 CUFX064/Leal Printer: cupusbw 0 521 84910 1 April 25, 2007 13:17

Creeping Flows – Two-Dimensional and Axisymmetric Problems

up

(a)

up

(b)

Figure 7–3. A schematic representation of the proof that a spherical particle cannot undergo lateral migra-
tion in either 2-D or axisymmetric Poiseuille flow if the disturbance flow is a creeping flow. In (a) we suppose
that the undisturbed flow moves from left to right and the sphere migrates inward with velocity up . Then,
in the creeping-flow limit, if direction of the undisturbed flow is reversed, the signs of all velocities including
that of the sphere would also have to be reversed, as shown in (b). Because the problems (a) and (b) are
identical other than the direction of the flow through the channel or tube, we conclude that up = 0.

body without actually solving the full fluid mechanics problem and calculating the force by
integrating the stress vector n · T over the sphere surface.

3. Lateral Migration of a Sphere in Poiseuille Flow
One of the best-known experimental results for particle motion in viscous flows is the
observation by Segre and Silberberg2 of lateral migration for a small, neutrally buoyant
sphere (ρsphere = ρfluid) that is immersed in Poiseuille flow through a straight, circular tube
or in the pressure-driven parabolic flow (sometimes called 2D Poiseuille flow) between
two parallel plane boundaries. The experiments of Segre and Silberberg, and many later
investigators, show that a freely suspended sphere in these circumstances will slowly move
perpendicular to the main direction of flow until it reaches an equilibrium position that is
approximately 60% of the way from the centerline (or central plane) to the wall. Hence a
suspension of such spheres flowing in Poiseuille flow through a tube of radius R will tend to
accumulate in an annular ring at r = 0.6R. Because the Reynolds number for many of the
experimental observations was quite small, one might assume that a theoretical explanation
could be achieved by using detailed solutions of the creeping-flow equations with suitable
boundary conditions. However, in view of the complexity of the geometry (an eccentrically
located sphere inside a circular tube), this theoretical problem is extremely complex and
difficult to solve, even in the creeping-flow limit. Thus, before actually trying to solve
the problem, it is prudent to determine whether lateral migration is possible at all in the
creeping-flow limit.

The fact is that a theory based entirely on the creeping-flow approximation will lead
to the result that lateral migration is impossible, at least for a single sphere immersed in
axisymmetric or two-dimensional Poiseuille flow. To see that this is true, we can refer to
Fig. 7–3. Here is a sketch of the hypothetical situation of a sphere that is undergoing lateral
migration in Poiseuille flow through a tube. The undisturbed flow in part (a) of Fig. 7–3
is shown moving from left to right, and the sphere is assumed to be migrating radially
inward toward the center of the tube. Now, however, if the creeping-motion approximation
is valid, the governing equations and boundary conditions are linear in the velocity and
pressure, and we can change the signs of all velocities and the pressure and still have a
solution of the same problem but with the direction of the undisturbed flow reversed, as
shown in Fig. 7–3(b). However, because all the velocities have the opposite sign, the inward
migration velocity from configuration (a) must now become an outward migration velocity
for configuration (b). But there is now a clear contradiction. The problems in (a) and (b)
are clearly indistinguishable in all respects. Thus, if the sphere undergoes a lateral motion,
it should be in the same direction in both cases. Because the preceding argument, based on
the linearity of the problem, shows that a nonzero migration velocity in case (a) must lead

438

P1: JZP
0521849101c07 CUFX064/Leal Printer: cupusbw 0 521 84910 1 April 25, 2007 13:17

Creeping Flows – Two-Dimensional and Axisymmetric Problems

up

(a)

up

(b)

Figure 7–3. A schematic representation of the proof that a spherical particle cannot undergo lateral migra-
tion in either 2-D or axisymmetric Poiseuille flow if the disturbance flow is a creeping flow. In (a) we suppose
that the undisturbed flow moves from left to right and the sphere migrates inward with velocity up . Then,
in the creeping-flow limit, if direction of the undisturbed flow is reversed, the signs of all velocities including
that of the sphere would also have to be reversed, as shown in (b). Because the problems (a) and (b) are
identical other than the direction of the flow through the channel or tube, we conclude that up = 0.

body without actually solving the full fluid mechanics problem and calculating the force by
integrating the stress vector n · T over the sphere surface.

3. Lateral Migration of a Sphere in Poiseuille Flow
One of the best-known experimental results for particle motion in viscous flows is the
observation by Segre and Silberberg2 of lateral migration for a small, neutrally buoyant
sphere (ρsphere = ρfluid) that is immersed in Poiseuille flow through a straight, circular tube
or in the pressure-driven parabolic flow (sometimes called 2D Poiseuille flow) between
two parallel plane boundaries. The experiments of Segre and Silberberg, and many later
investigators, show that a freely suspended sphere in these circumstances will slowly move
perpendicular to the main direction of flow until it reaches an equilibrium position that is
approximately 60% of the way from the centerline (or central plane) to the wall. Hence a
suspension of such spheres flowing in Poiseuille flow through a tube of radius R will tend to
accumulate in an annular ring at r = 0.6R. Because the Reynolds number for many of the
experimental observations was quite small, one might assume that a theoretical explanation
could be achieved by using detailed solutions of the creeping-flow equations with suitable
boundary conditions. However, in view of the complexity of the geometry (an eccentrically
located sphere inside a circular tube), this theoretical problem is extremely complex and
difficult to solve, even in the creeping-flow limit. Thus, before actually trying to solve
the problem, it is prudent to determine whether lateral migration is possible at all in the
creeping-flow limit.

The fact is that a theory based entirely on the creeping-flow approximation will lead
to the result that lateral migration is impossible, at least for a single sphere immersed in
axisymmetric or two-dimensional Poiseuille flow. To see that this is true, we can refer to
Fig. 7–3. Here is a sketch of the hypothetical situation of a sphere that is undergoing lateral
migration in Poiseuille flow through a tube. The undisturbed flow in part (a) of Fig. 7–3
is shown moving from left to right, and the sphere is assumed to be migrating radially
inward toward the center of the tube. Now, however, if the creeping-motion approximation
is valid, the governing equations and boundary conditions are linear in the velocity and
pressure, and we can change the signs of all velocities and the pressure and still have a
solution of the same problem but with the direction of the undisturbed flow reversed, as
shown in Fig. 7–3(b). However, because all the velocities have the opposite sign, the inward
migration velocity from configuration (a) must now become an outward migration velocity
for configuration (b). But there is now a clear contradiction. The problems in (a) and (b)
are clearly indistinguishable in all respects. Thus, if the sphere undergoes a lateral motion,
it should be in the same direction in both cases. Because the preceding argument, based on
the linearity of the problem, shows that a nonzero migration velocity in case (a) must lead

438

P1: JZP
0521849101c07 CUFX064/Leal Printer: cupusbw 0 521 84910 1 April 25, 2007 13:17

Creeping Flows – Two-Dimensional and Axisymmetric Problems

up

(a)

up

(b)

Figure 7–3. A schematic representation of the proof that a spherical particle cannot undergo lateral migra-
tion in either 2-D or axisymmetric Poiseuille flow if the disturbance flow is a creeping flow. In (a) we suppose
that the undisturbed flow moves from left to right and the sphere migrates inward with velocity up . Then,
in the creeping-flow limit, if direction of the undisturbed flow is reversed, the signs of all velocities including
that of the sphere would also have to be reversed, as shown in (b). Because the problems (a) and (b) are
identical other than the direction of the flow through the channel or tube, we conclude that up = 0.

body without actually solving the full fluid mechanics problem and calculating the force by
integrating the stress vector n · T over the sphere surface.

3. Lateral Migration of a Sphere in Poiseuille Flow
One of the best-known experimental results for particle motion in viscous flows is the
observation by Segre and Silberberg2 of lateral migration for a small, neutrally buoyant
sphere (ρsphere = ρfluid) that is immersed in Poiseuille flow through a straight, circular tube
or in the pressure-driven parabolic flow (sometimes called 2D Poiseuille flow) between
two parallel plane boundaries. The experiments of Segre and Silberberg, and many later
investigators, show that a freely suspended sphere in these circumstances will slowly move
perpendicular to the main direction of flow until it reaches an equilibrium position that is
approximately 60% of the way from the centerline (or central plane) to the wall. Hence a
suspension of such spheres flowing in Poiseuille flow through a tube of radius R will tend to
accumulate in an annular ring at r = 0.6R. Because the Reynolds number for many of the
experimental observations was quite small, one might assume that a theoretical explanation
could be achieved by using detailed solutions of the creeping-flow equations with suitable
boundary conditions. However, in view of the complexity of the geometry (an eccentrically
located sphere inside a circular tube), this theoretical problem is extremely complex and
difficult to solve, even in the creeping-flow limit. Thus, before actually trying to solve
the problem, it is prudent to determine whether lateral migration is possible at all in the
creeping-flow limit.

The fact is that a theory based entirely on the creeping-flow approximation will lead
to the result that lateral migration is impossible, at least for a single sphere immersed in
axisymmetric or two-dimensional Poiseuille flow. To see that this is true, we can refer to
Fig. 7–3. Here is a sketch of the hypothetical situation of a sphere that is undergoing lateral
migration in Poiseuille flow through a tube. The undisturbed flow in part (a) of Fig. 7–3
is shown moving from left to right, and the sphere is assumed to be migrating radially
inward toward the center of the tube. Now, however, if the creeping-motion approximation
is valid, the governing equations and boundary conditions are linear in the velocity and
pressure, and we can change the signs of all velocities and the pressure and still have a
solution of the same problem but with the direction of the undisturbed flow reversed, as
shown in Fig. 7–3(b). However, because all the velocities have the opposite sign, the inward
migration velocity from configuration (a) must now become an outward migration velocity
for configuration (b). But there is now a clear contradiction. The problems in (a) and (b)
are clearly indistinguishable in all respects. Thus, if the sphere undergoes a lateral motion,
it should be in the same direction in both cases. Because the preceding argument, based on
the linearity of the problem, shows that a nonzero migration velocity in case (a) must lead

438

P1: JZP
0521849101c07 CUFX064/Leal Printer: cupusbw 0 521 84910 1 April 25, 2007 13:17

Creeping Flows – Two-Dimensional and Axisymmetric Problems

up

(a)

up

(b)

Figure 7–3. A schematic representation of the proof that a spherical particle cannot undergo lateral migra-
tion in either 2-D or axisymmetric Poiseuille flow if the disturbance flow is a creeping flow. In (a) we suppose
that the undisturbed flow moves from left to right and the sphere migrates inward with velocity up . Then,
in the creeping-flow limit, if direction of the undisturbed flow is reversed, the signs of all velocities including
that of the sphere would also have to be reversed, as shown in (b). Because the problems (a) and (b) are
identical other than the direction of the flow through the channel or tube, we conclude that up = 0.

body without actually solving the full fluid mechanics problem and calculating the force by
integrating the stress vector n · T over the sphere surface.

3. Lateral Migration of a Sphere in Poiseuille Flow
One of the best-known experimental results for particle motion in viscous flows is the
observation by Segre and Silberberg2 of lateral migration for a small, neutrally buoyant
sphere (ρsphere = ρfluid) that is immersed in Poiseuille flow through a straight, circular tube
or in the pressure-driven parabolic flow (sometimes called 2D Poiseuille flow) between
two parallel plane boundaries. The experiments of Segre and Silberberg, and many later
investigators, show that a freely suspended sphere in these circumstances will slowly move
perpendicular to the main direction of flow until it reaches an equilibrium position that is
approximately 60% of the way from the centerline (or central plane) to the wall. Hence a
suspension of such spheres flowing in Poiseuille flow through a tube of radius R will tend to
accumulate in an annular ring at r = 0.6R. Because the Reynolds number for many of the
experimental observations was quite small, one might assume that a theoretical explanation
could be achieved by using detailed solutions of the creeping-flow equations with suitable
boundary conditions. However, in view of the complexity of the geometry (an eccentrically
located sphere inside a circular tube), this theoretical problem is extremely complex and
difficult to solve, even in the creeping-flow limit. Thus, before actually trying to solve
the problem, it is prudent to determine whether lateral migration is possible at all in the
creeping-flow limit.

The fact is that a theory based entirely on the creeping-flow approximation will lead
to the result that lateral migration is impossible, at least for a single sphere immersed in
axisymmetric or two-dimensional Poiseuille flow. To see that this is true, we can refer to
Fig. 7–3. Here is a sketch of the hypothetical situation of a sphere that is undergoing lateral
migration in Poiseuille flow through a tube. The undisturbed flow in part (a) of Fig. 7–3
is shown moving from left to right, and the sphere is assumed to be migrating radially
inward toward the center of the tube. Now, however, if the creeping-motion approximation
is valid, the governing equations and boundary conditions are linear in the velocity and
pressure, and we can change the signs of all velocities and the pressure and still have a
solution of the same problem but with the direction of the undisturbed flow reversed, as
shown in Fig. 7–3(b). However, because all the velocities have the opposite sign, the inward
migration velocity from configuration (a) must now become an outward migration velocity
for configuration (b). But there is now a clear contradiction. The problems in (a) and (b)
are clearly indistinguishable in all respects. Thus, if the sphere undergoes a lateral motion,
it should be in the same direction in both cases. Because the preceding argument, based on
the linearity of the problem, shows that a nonzero migration velocity in case (a) must lead

438

Consideremos	
  el	
  transporte	
  de	
  dos	
  especies	
  dis?ntas	
  en	
  un	
  tubo:	
  

Al	
  inicio,	
  inyectamos	
  las	
  dos	
  especies	
  por	
  separado	
  

t=0	
  
P1: JZP
0521849101c07 CUFX064/Leal Printer: cupusbw 0 521 84910 1 April 25, 2007 13:17

Creeping Flows – Two-Dimensional and Axisymmetric Problems

up

(a)

up

(b)

Figure 7–3. A schematic representation of the proof that a spherical particle cannot undergo lateral migra-
tion in either 2-D or axisymmetric Poiseuille flow if the disturbance flow is a creeping flow. In (a) we suppose
that the undisturbed flow moves from left to right and the sphere migrates inward with velocity up . Then,
in the creeping-flow limit, if direction of the undisturbed flow is reversed, the signs of all velocities including
that of the sphere would also have to be reversed, as shown in (b). Because the problems (a) and (b) are
identical other than the direction of the flow through the channel or tube, we conclude that up = 0.

body without actually solving the full fluid mechanics problem and calculating the force by
integrating the stress vector n · T over the sphere surface.

3. Lateral Migration of a Sphere in Poiseuille Flow
One of the best-known experimental results for particle motion in viscous flows is the
observation by Segre and Silberberg2 of lateral migration for a small, neutrally buoyant
sphere (ρsphere = ρfluid) that is immersed in Poiseuille flow through a straight, circular tube
or in the pressure-driven parabolic flow (sometimes called 2D Poiseuille flow) between
two parallel plane boundaries. The experiments of Segre and Silberberg, and many later
investigators, show that a freely suspended sphere in these circumstances will slowly move
perpendicular to the main direction of flow until it reaches an equilibrium position that is
approximately 60% of the way from the centerline (or central plane) to the wall. Hence a
suspension of such spheres flowing in Poiseuille flow through a tube of radius R will tend to
accumulate in an annular ring at r = 0.6R. Because the Reynolds number for many of the
experimental observations was quite small, one might assume that a theoretical explanation
could be achieved by using detailed solutions of the creeping-flow equations with suitable
boundary conditions. However, in view of the complexity of the geometry (an eccentrically
located sphere inside a circular tube), this theoretical problem is extremely complex and
difficult to solve, even in the creeping-flow limit. Thus, before actually trying to solve
the problem, it is prudent to determine whether lateral migration is possible at all in the
creeping-flow limit.

The fact is that a theory based entirely on the creeping-flow approximation will lead
to the result that lateral migration is impossible, at least for a single sphere immersed in
axisymmetric or two-dimensional Poiseuille flow. To see that this is true, we can refer to
Fig. 7–3. Here is a sketch of the hypothetical situation of a sphere that is undergoing lateral
migration in Poiseuille flow through a tube. The undisturbed flow in part (a) of Fig. 7–3
is shown moving from left to right, and the sphere is assumed to be migrating radially
inward toward the center of the tube. Now, however, if the creeping-motion approximation
is valid, the governing equations and boundary conditions are linear in the velocity and
pressure, and we can change the signs of all velocities and the pressure and still have a
solution of the same problem but with the direction of the undisturbed flow reversed, as
shown in Fig. 7–3(b). However, because all the velocities have the opposite sign, the inward
migration velocity from configuration (a) must now become an outward migration velocity
for configuration (b). But there is now a clear contradiction. The problems in (a) and (b)
are clearly indistinguishable in all respects. Thus, if the sphere undergoes a lateral motion,
it should be in the same direction in both cases. Because the preceding argument, based on
the linearity of the problem, shows that a nonzero migration velocity in case (a) must lead

438

P1: JZP
0521849101c07 CUFX064/Leal Printer: cupusbw 0 521 84910 1 April 25, 2007 13:17

Creeping Flows – Two-Dimensional and Axisymmetric Problems

up

(a)

up

(b)

Figure 7–3. A schematic representation of the proof that a spherical particle cannot undergo lateral migra-
tion in either 2-D or axisymmetric Poiseuille flow if the disturbance flow is a creeping flow. In (a) we suppose
that the undisturbed flow moves from left to right and the sphere migrates inward with velocity up . Then,
in the creeping-flow limit, if direction of the undisturbed flow is reversed, the signs of all velocities including
that of the sphere would also have to be reversed, as shown in (b). Because the problems (a) and (b) are
identical other than the direction of the flow through the channel or tube, we conclude that up = 0.

body without actually solving the full fluid mechanics problem and calculating the force by
integrating the stress vector n · T over the sphere surface.

3. Lateral Migration of a Sphere in Poiseuille Flow
One of the best-known experimental results for particle motion in viscous flows is the
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two parallel plane boundaries. The experiments of Segre and Silberberg, and many later
investigators, show that a freely suspended sphere in these circumstances will slowly move
perpendicular to the main direction of flow until it reaches an equilibrium position that is
approximately 60% of the way from the centerline (or central plane) to the wall. Hence a
suspension of such spheres flowing in Poiseuille flow through a tube of radius R will tend to
accumulate in an annular ring at r = 0.6R. Because the Reynolds number for many of the
experimental observations was quite small, one might assume that a theoretical explanation
could be achieved by using detailed solutions of the creeping-flow equations with suitable
boundary conditions. However, in view of the complexity of the geometry (an eccentrically
located sphere inside a circular tube), this theoretical problem is extremely complex and
difficult to solve, even in the creeping-flow limit. Thus, before actually trying to solve
the problem, it is prudent to determine whether lateral migration is possible at all in the
creeping-flow limit.

The fact is that a theory based entirely on the creeping-flow approximation will lead
to the result that lateral migration is impossible, at least for a single sphere immersed in
axisymmetric or two-dimensional Poiseuille flow. To see that this is true, we can refer to
Fig. 7–3. Here is a sketch of the hypothetical situation of a sphere that is undergoing lateral
migration in Poiseuille flow through a tube. The undisturbed flow in part (a) of Fig. 7–3
is shown moving from left to right, and the sphere is assumed to be migrating radially
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is valid, the governing equations and boundary conditions are linear in the velocity and
pressure, and we can change the signs of all velocities and the pressure and still have a
solution of the same problem but with the direction of the undisturbed flow reversed, as
shown in Fig. 7–3(b). However, because all the velocities have the opposite sign, the inward
migration velocity from configuration (a) must now become an outward migration velocity
for configuration (b). But there is now a clear contradiction. The problems in (a) and (b)
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The fact is that a theory based entirely on the creeping-flow approximation will lead
to the result that lateral migration is impossible, at least for a single sphere immersed in
axisymmetric or two-dimensional Poiseuille flow. To see that this is true, we can refer to
Fig. 7–3. Here is a sketch of the hypothetical situation of a sphere that is undergoing lateral
migration in Poiseuille flow through a tube. The undisturbed flow in part (a) of Fig. 7–3
is shown moving from left to right, and the sphere is assumed to be migrating radially
inward toward the center of the tube. Now, however, if the creeping-motion approximation
is valid, the governing equations and boundary conditions are linear in the velocity and
pressure, and we can change the signs of all velocities and the pressure and still have a
solution of the same problem but with the direction of the undisturbed flow reversed, as
shown in Fig. 7–3(b). However, because all the velocities have the opposite sign, the inward
migration velocity from configuration (a) must now become an outward migration velocity
for configuration (b). But there is now a clear contradiction. The problems in (a) and (b)
are clearly indistinguishable in all respects. Thus, if the sphere undergoes a lateral motion,
it should be in the same direction in both cases. Because the preceding argument, based on
the linearity of the problem, shows that a nonzero migration velocity in case (a) must lead
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is valid, the governing equations and boundary conditions are linear in the velocity and
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Figure 7–3. A schematic representation of the proof that a spherical particle cannot undergo lateral migra-
tion in either 2-D or axisymmetric Poiseuille flow if the disturbance flow is a creeping flow. In (a) we suppose
that the undisturbed flow moves from left to right and the sphere migrates inward with velocity up . Then,
in the creeping-flow limit, if direction of the undisturbed flow is reversed, the signs of all velocities including
that of the sphere would also have to be reversed, as shown in (b). Because the problems (a) and (b) are
identical other than the direction of the flow through the channel or tube, we conclude that up = 0.

body without actually solving the full fluid mechanics problem and calculating the force by
integrating the stress vector n · T over the sphere surface.

3. Lateral Migration of a Sphere in Poiseuille Flow
One of the best-known experimental results for particle motion in viscous flows is the
observation by Segre and Silberberg2 of lateral migration for a small, neutrally buoyant
sphere (ρsphere = ρfluid) that is immersed in Poiseuille flow through a straight, circular tube
or in the pressure-driven parabolic flow (sometimes called 2D Poiseuille flow) between
two parallel plane boundaries. The experiments of Segre and Silberberg, and many later
investigators, show that a freely suspended sphere in these circumstances will slowly move
perpendicular to the main direction of flow until it reaches an equilibrium position that is
approximately 60% of the way from the centerline (or central plane) to the wall. Hence a
suspension of such spheres flowing in Poiseuille flow through a tube of radius R will tend to
accumulate in an annular ring at r = 0.6R. Because the Reynolds number for many of the
experimental observations was quite small, one might assume that a theoretical explanation
could be achieved by using detailed solutions of the creeping-flow equations with suitable
boundary conditions. However, in view of the complexity of the geometry (an eccentrically
located sphere inside a circular tube), this theoretical problem is extremely complex and
difficult to solve, even in the creeping-flow limit. Thus, before actually trying to solve
the problem, it is prudent to determine whether lateral migration is possible at all in the
creeping-flow limit.

The fact is that a theory based entirely on the creeping-flow approximation will lead
to the result that lateral migration is impossible, at least for a single sphere immersed in
axisymmetric or two-dimensional Poiseuille flow. To see that this is true, we can refer to
Fig. 7–3. Here is a sketch of the hypothetical situation of a sphere that is undergoing lateral
migration in Poiseuille flow through a tube. The undisturbed flow in part (a) of Fig. 7–3
is shown moving from left to right, and the sphere is assumed to be migrating radially
inward toward the center of the tube. Now, however, if the creeping-motion approximation
is valid, the governing equations and boundary conditions are linear in the velocity and
pressure, and we can change the signs of all velocities and the pressure and still have a
solution of the same problem but with the direction of the undisturbed flow reversed, as
shown in Fig. 7–3(b). However, because all the velocities have the opposite sign, the inward
migration velocity from configuration (a) must now become an outward migration velocity
for configuration (b). But there is now a clear contradiction. The problems in (a) and (b)
are clearly indistinguishable in all respects. Thus, if the sphere undergoes a lateral motion,
it should be in the same direction in both cases. Because the preceding argument, based on
the linearity of the problem, shows that a nonzero migration velocity in case (a) must lead
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A que llamamos tiempos largos? 
Si τD es el tiempo entre saltos independientes (perdida de correlación) 
à Tiempos largos corresponde a t >> τD (numero de saltos >> 1) 
Si Δx=l es el tamaño característico de los saltos  
(y τD es el tiempo entre saltos independientes (sin correlación)) 
entonces la difusividad es: 
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Para	
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  componentes	
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Como	
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  componentes	
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  manera	
  eficiente?	
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de	
  alta	
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Cuales	
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  las	
  dificultades	
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-­‐  Partes	
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  fabricar!)	
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Que es lo que se busca lograr con el flujo con estos mezcladores? 
Mezclado Caótico!  

Dos elementos inicialmente juntos se separan exponencialmente! 

Distancia ~ exp(λt) 
λ=Exponente de Lyapunov 
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Aref,	
  H.	
  “The	
  Development	
  of	
  Chao?c	
  Advec?on”	
  Physics	
  of	
  Fluids	
  14,	
  (2002):	
  1315.	
  Wikipedia	
  	
  

The Development of Chaotic Advection

sections clearly show the emergence of chaos in the advection.  When the switching time is short,
the flow sensed by a particle at some distance from the agitators is, roughly, like a steady flow.
Indeed, the advection due to alternately pulsed agitators, in the limit of short pulses, is a crude
algorithm for integrating the motion of a particle in the flow field due to both agitators being ‘on’
for all time!  As the switching time becomes longer, more and more chaos is apparent in the
computed Poincaré sections.

ΓΓΓΓΓΓΓΓ

Figure 3:  A ‘batch stirring device’ with two ‘agitators’ and its representation in the ‘blinking vortex model’
by a disk of fluid with two, bound, switchable point vortices.

To solidify the connection to a stirring process, numerical simulations were performed in
which a blob of 10,000 points was passively advected by the blinking vortex flow.  The
computations clearly showed that the dispersion of the discrete particles during a fixed amount of
time was much more dramatic when the switching time, T, corresponds to the chaotic regime than
when it corresponds to the integrable or near-integrable regime.  Since the flow is incompressible,
the observed dispersion of particles signals tremendous stretching of material lines.  Since the
domain is bounded, this continual stretching implies repeated folding.  There were other things in
the paper, for example, a preliminary discussion of iterated maps and symmetries as applied to the
blinking vortex flow problem.  (The reader is referred to Ref.12 for details.)

How was the paper received?  Well, here is the gist of the referees’ reports obtained through
JFM.  The first referee wrote: “... a well written paper that gives a delightfully interesting example
of chaotic advection. I think it will be a most useful addition to the literature.”  Obviously, this
referee got it right.  The paper did become a “most useful addition to the literature.”

The second referee started his report thus:  “This ... very neat but somewhat irritating paper...
probably deserves publication although this reviewer has ... reservations regarding its relevance to
the behavior or ‘real’ fluids (whatever they are).

The idea of interpreting particle paths as solutions of an ODE ... is nice, even if (as Aref points
out) obvious.  The few fluid mechanicians who have used the analogy fruitfully have been ignorant
of recent developments in dynamical systems and hence have missed most of the benefits.”  He

9
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Elementos	
  esenciales	
  en	
  mezclado	
  caó?co:	
  

EsCramiento	
  y	
  plegado	
  del	
  elementos	
  del	
  fluido!	
  
(stretching	
  and	
  folding)	
  	
  

B.	
  Kirby	
  

Idea:	
  Reducir	
  la	
  escala	
  caracterís?ca	
  de	
  las	
  heterogeneidades	
  hasta	
  que	
  
la	
  difusion	
  molecular	
  resulta	
  eficiente	
  en	
  el	
  mezclado	
  

Ejemplo:  
Consideremos la difusion molecular de un pigmento D ~ 10-7cm2/s 
a cuanto hay que reducir el tamaño de las heterogeneidades para  
mezclar el orden de 10 segundos? 

Δx ~ 10-3cm (10µm) 
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channels transporting the fluids to the intersection.Working with

a flow ratio of three hundred, fluid streams with widths of thirty

nanometers could be formed. The mixing time within a layer is

on the order of ten ms. The mixing times involved in such

a system were estimated using fluorescence quenching. This type

of mixer was used to study the kinetics of a chemical reaction.104

5-2 Mixer based on Taylor–Aris dispersion

Quake’s group developed a circular micromixer6 based on the

action of Taylor–Aris dispersion; This system is a peristaltic

pump that drives a flow around a ring. It is shown on Fig. 9.

Taylor dispersion acting along the flow streamlines work at

mixing the two spots A and B of Fig. 9 (right) on a fast time scale,

owing to formula (4). In practice, thorough mixing is achieved

after just a few rotations and the process takes tens or hundreds

of milliseconds. Physical discussions of the mixing process are

given in Ref 6 and 9.

5-3 Mixers based on stretching/folding of material lines and

chaotic regimes

Fig. 10 shows a micromixer that functions using the development

of stretching/folding of material lines.105,106 This mixer consists of

a principal channel, along which a stationary flow is imposed.

This channel intersects adjacent channels. Along these channels,

a time-periodic flow is imposed. The two flows (principal and

secondary) superimpose in the intersection region. It has been

shown in this system that, at the intersection of the channels,

a given material line is subjected to a succession of folding and

stretching characteristic of chaotic regimes. This stretching and

folding intervenes several times in the cross-channel. As shown in

Fig. 10, the system mixes efficiently.

This mixer, developed in Ref 107 is a passive chaotic mixer.

The mixer consists of a channel along which a series of

herringbone-shaped grooves have been placed. These hollows

force the fluid to circulate obliquely with respect to the direction

of the main stream, producing a helicoidal motion. The

herringbones pattern changes every five herringbones; this gives

rise to a chaotic regime, revealed by a succession of folding and

stretching of the dye placed in the system (see Fig. 11). In prac-

tice, the mixing lengths of this micromixer are several times the

channel width.

6 Conclusion

It is remarkable that microfluidic technology allows exploration

of all sorts of situations inaccessible to traditionnal technologies.

Examples are the synthesis of novel objects obtained with

multiple emulsions giving rise to new materials, the analysis of

the expression of certain genes at the single cell level, the deter-

mination of rates of fast kinetic reactions, the elaboration of lab-
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Ejemplo	
  #1	
  

Dz !
U0

2w2

D
! Pe2D , "10#

that occurs in addition to the molecular diffusivity D.
Detailed analyses for specific geometries yields prefac-
tors, as presented in textbooks such as Brenner and Ed-
wards "1993# and Deen "1998#. Important examples in-
clude flow in a circular channel with radius w, for which
Dz=Ū2w2 /48D; flow in shallow rectangular channel of
height h, for which Dz=Ū2h2 /210D; and simple shear
flow between plates separated by h, for which Dz

=2Ū2h2 /15D.
Several important points are in order. First, the axial

Taylor dispersivity Dz $Eq. "10#% is only valid on long
time scales t!w2 /D, or after a downstream distance L
!Pe w. This is sometimes impractically long for micro-
fluidic applications—Taylor’s original experiments were
conducted using a 500-"m capillary and lasted four
hours! On shorter time scales, tracer blobs are stretched
convectively, and grow linearly in time. Only after trac-
ers have had enough time to diffuse across the channel
does a blob spread diffusively with dispersivity Dz $Eq.
"10#%. Taylor dispersion acts in the direction of the flow,
and is thus not observed in T sensors and H filters,
where gradients in tracer concentration are perpendicu-
lar to the flow direction. Second, Taylor dispersion may
appear to dramatically enhance dispersion for small sol-
utes, since Dz!D−1. Without Taylor dispersion, how-
ever, convection would stretch tracer blobs indefinitely
with time; Taylor dispersion in fact cuts off the convec-
tive growth and reduces it to diffusive "t1/2# growth. Thus
stripes in pressure-driven flow evolve into Gaussian
bands moving at the mean flow speed and spreading
with an effective diffusivity D+Dz. In fact, in sufficiently
slow flows and/or thin channels for which Pe#1, tracers
in pressure-driven flow will evolve as though the flow
were uniform "e.g., like electro-osmotic “plug” flow, Sec.
III.A#.

A vast literature has developed around Taylor disper-
sion, with over 2000 citations to date. Following Taylor’s
original exploration of the subject "Taylor, 1953, 1954#,
Taylor’s picture was generalized using a method of mo-
ments that allows for arbitrary channel shapes and flows
"Aris, 1956, 1959#, and generalized Taylor dispersion
theory was developed "Brenner and Edwards, 1993#.

b. Rotary mixer

Above we developed the basic picture of Taylor dis-
persion, wherein initially convective stretching of tracers
eventually gave way to diffusive dispersion, with en-
hanced axial dispersivity. We now examine how convec-
tive stretching can be exploited to enhance mixing of
inhomogeneous fluids in microfluidic devices. The gen-
eral theme to keep in mind is that there are typically two
steps: "i# tracer blobs are initially stretched convectively
by the flow, and "ii# molecular diffusion of the tracers
across fluid streamlines homogenizes the flow once gra-

dients are sufficiently steep or time scales sufficiently
long.

As a paradigmatic example, we investigate the rotary
mixer shown in Fig. 12"a# "Chou et al., 2001#. For sim-
plicity, we use physical arguments and treat a two-
dimensional model, similar to mixing in a slit channel
"Handique and Burns, 2001#. A more mathematical
treatment is provided by Gleeson et al. "2004#. Fluid is
pumped with average velocity U0 around a closed, circu-
lar channel of radius R and height h. How quickly the
fluid mixes depends on how quickly the fluid flows.
There are three distinct regimes: "i# diffusion dominated,
"ii# Taylor dispersion mediated, and "iii# convectively
stirred.

(i) Diffusion-dominated mixing. When the pumping
velocity U0 is extremely slow "Pe=U0h /D$1#, molecu-
lar diffusion plays the dominant role in tracer dispersion,
beating even Taylor dispersion "D!Dz#. In this case,
mixing is achieved only after tracers diffuse around the
circumference of the ring, requiring a time %R,

%R !
"2&R#2

D
= &2&R

h
'2

%D. "11#

Note the mixing time does not depend on U0 or there-
fore on Pe.

(ii) Taylor dispersion-mediated mixing. If the flow rate
is increased so that Pe!1, Taylor dispersion assumes the
dominant role in axial dispersion. In this case, axial
spreading increases diffusively with Taylor dispersivity
Dz $Eq. "10#%, resulting in a mixing time

%TD !
"2&R#2

Dz
!

D"2&R#2

U0
2h2 ! Pe−2%R. "12#

In order for Taylor dispersion to dominate, molecules
must diffuse across the channel "requiring %D!h2 /D#
before convective stretching folds a stripe into itself "re-

FIG. 12. "Color in online edition# Rotary mixer "a#, in which
valves $Figs. 45"a# and 45"b#% pump peristaltically around the
ring. Reprinted from Chou et al., 2001, with kind permission of
Springer Science and Business Media, ©2001. In the convec-
tively stirred regime, an initially vertical stripe "b# deforms un-
der the parabolic flow "c# to make N=U0%s /2&R revolutions,
reducing the effective distance between branches of the stripe
to heff!h /2N. The stripe continues to roll up, and heff gets
increasingly smaller, until "d# molecular diffusion across heff is
fast enough to homogenize the channel. This requires a time
%con!Pe−2/3%D, where %D!h2 /D.

987T. M. Squires and S. R. Quake: Microfluidics: Fluid physics at the nanoliter scale

Rev. Mod. Phys., Vol. 77, No. 3, July 2005
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sign steady chaotic flows for use in mi-
crofluidic systems. A mixer based on pat-
terns of grooves on the floor of the channel
is shown schematically in Fig. 2A; we refer
to this design as the staggered herringbone
mixer (SHM). One way to produce a cha-
otic flow is to subject volumes of fluid to a
repeated sequence of rotational and exten-
sional local flows (21). This sequence of
local flows is achieved in the SHM by
varying the shape of the grooves as a func-
tion of axial position in the channel: The
change in the orientation of the herring-
bones between half cycles exchanges the
positions of the centers of rotation (local
rotational flow, “c” in the Fig. 2A) and the
up- and down-wellings (local extensional
flow, “u” and “d” in Fig. 2A) in the trans-
verse flow. Figure 2B shows the evolution
of two streams through one cycle of the
SHM.

In the SHM, the efficiency of mixing is
controlled by two parameters: p, a measure
of the asymmetry of the herringbones; and
!"m, a measure of the amplitude of the
rotation of the fluid in each half cycle (22).
The angular displacement, !"m, is con-
trolled by the geometry of the ridges (20)
and the number of herringbones per half
cycle (10 in the case shown in Fig. 2). As p
goes to one-half (i.e., symmetric herring-
bones) or !"m goes to zero, the flow be-
comes nonchaotic. For p # 2/3 and !"m $
60°, most of the cross-sectional area is
involved in the chaotic flow (23). As in the
twisting flow (Fig. 1), the form of flow in
the SHM is independent of Re in the Stokes
regime, and we have verified experimental-
ly that it remains qualitatively the same for
Re % 100.

The diagrams in Fig. 3, A to C, show the
experiments we used to characterize mix-
ing. At the entrance of the channel, distinct
streams of a fluorescent and a clear solution
fill opposite halves of the cross section of
the channel. The micrographs in Fig. 3, A
and B, show that for flows with high Péclet
number (Pe # 2 & 105), there is negligible
mixing in a simple channel (Fig. 3A) and
incomplete mixing in a channel with
straight ridges (Fig. 3B) after the flow has
proceeded 3 cm—the typical dimension of
a microfluidic chip— down the channel.
The confocal cross sections in Fig. 3C
show that thorough mixing occurs at even
higher Pe (9 & 105) in a channel that
contains the SHM (24 ). The micrographs in
Fig. 3C also show the rapid increase in the
number of filaments and decrease in their
thickness, !r, as a function of the number
of mixing cycles.

To quantify the degree of mixing (con-
vection plus diffusion) as a function of the
axial distance traveled in the mixer and of
Pe, we measure the standard deviation of

the intensity distribution in confocal imag-
es of the cross section of the flow like those
in Fig. 3, A to C: ' # ((I ) (I *)2*1/2, where

I is the grayscale value (between 0 and 1)
of a pixel, and ( * means an average over all
the pixels in the image. The value of ' is

Fig. 1. Three-dimensional twisting flow in a channel with obliquely oriented ridges on one wall. (A)
Schematic diagram of channel with ridges. The coordinate systems (x, y, z) and (x+, y+, z) define the
principal axes of the channel and of the ridges. The angle , defines the orientation of the ridges
with respect to the channel. The amplitude of the ridges, -h, is small compared to the average
height of the channel, h (- % 0.3). The width of the channel is w and principal wavevector of the
ridges is q. The red and green lines represent trajectories in the flow. The streamlines of the flow
in the cross section are shown below the channel. The angular displacement, !", is evaluated on
an outer streamline. (B) Optical micrograph showing a top view of a red stream and a green stream
flowing on either side of a clear stream in a channel such as in (A) with h # 70 .m, w # 200 .m,
- # 0.2, q # 2//200 .m)1, and , # 45°. (C) Fluorescent confocal micrographs of vertical cross
sections of a microchannel such as in (A). The frames show the rotation and distortion of a stream
of fluorescent solution that was injected along one side of the channel such as the stream of green
solution in (B). The measured values of !" are indicated (29).

Fig. 2. Staggered herringbonemixer (SHM). (A) Schematic diagram of one-and-a-half cycles of the SHM.
A mixing cycle is composed of two sequential regions of ridges; the direction of asymmetry of the
herringbones switches with respect to the centerline of the channel from one region to the next. The
streamlines of the flow in the cross section are shown schematically above the channel. The angle,!"m,
is the average angular displacement of a volume of fluid along an outer streamline over one half cycle
in the flow generated by the wide arms of the herringbones. The fraction of the width of the channel
occupied by the wide arms of the herringbones is p. The horizontal positions of the centers of rotation,
the upwellings, and the downwellings of the cellular flows are indicated by c, u, and d, respectively. (B)
Confocal micrographs of vertical cross sections of a channel as in (A). Two streams of fluorescent
solution were injected on either side of a stream of clear solution (29). The frames show the distribution
of fluorescence upstream of the features, after one half cycle, and after one full cycle. The fingerlike
structures at the end of the fluorescent filaments on the bottom left of the second two frames are due
to the weak separation of streamlines that occurs in the rectangular grooves even at low Re. In this
experiment, h# 77 .m, w# 200 .m, - # 0.23, q# 2//100 .m)1, p# 2/3, and , # 45°, and there
were 10 ridges per half cycle. Re % 10)2. !"m 0 180°.
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sign steady chaotic flows for use in mi-
crofluidic systems. A mixer based on pat-
terns of grooves on the floor of the channel
is shown schematically in Fig. 2A; we refer
to this design as the staggered herringbone
mixer (SHM). One way to produce a cha-
otic flow is to subject volumes of fluid to a
repeated sequence of rotational and exten-
sional local flows (21). This sequence of
local flows is achieved in the SHM by
varying the shape of the grooves as a func-
tion of axial position in the channel: The
change in the orientation of the herring-
bones between half cycles exchanges the
positions of the centers of rotation (local
rotational flow, “c” in the Fig. 2A) and the
up- and down-wellings (local extensional
flow, “u” and “d” in Fig. 2A) in the trans-
verse flow. Figure 2B shows the evolution
of two streams through one cycle of the
SHM.

In the SHM, the efficiency of mixing is
controlled by two parameters: p, a measure
of the asymmetry of the herringbones; and
!"m, a measure of the amplitude of the
rotation of the fluid in each half cycle (22).
The angular displacement, !"m, is con-
trolled by the geometry of the ridges (20)
and the number of herringbones per half
cycle (10 in the case shown in Fig. 2). As p
goes to one-half (i.e., symmetric herring-
bones) or !"m goes to zero, the flow be-
comes nonchaotic. For p # 2/3 and !"m $
60°, most of the cross-sectional area is
involved in the chaotic flow (23). As in the
twisting flow (Fig. 1), the form of flow in
the SHM is independent of Re in the Stokes
regime, and we have verified experimental-
ly that it remains qualitatively the same for
Re % 100.

The diagrams in Fig. 3, A to C, show the
experiments we used to characterize mix-
ing. At the entrance of the channel, distinct
streams of a fluorescent and a clear solution
fill opposite halves of the cross section of
the channel. The micrographs in Fig. 3, A
and B, show that for flows with high Péclet
number (Pe # 2 & 105), there is negligible
mixing in a simple channel (Fig. 3A) and
incomplete mixing in a channel with
straight ridges (Fig. 3B) after the flow has
proceeded 3 cm—the typical dimension of
a microfluidic chip— down the channel.
The confocal cross sections in Fig. 3C
show that thorough mixing occurs at even
higher Pe (9 & 105) in a channel that
contains the SHM (24 ). The micrographs in
Fig. 3C also show the rapid increase in the
number of filaments and decrease in their
thickness, !r, as a function of the number
of mixing cycles.

To quantify the degree of mixing (con-
vection plus diffusion) as a function of the
axial distance traveled in the mixer and of
Pe, we measure the standard deviation of

the intensity distribution in confocal imag-
es of the cross section of the flow like those
in Fig. 3, A to C: ' # ((I ) (I *)2*1/2, where

I is the grayscale value (between 0 and 1)
of a pixel, and ( * means an average over all
the pixels in the image. The value of ' is

Fig. 1. Three-dimensional twisting flow in a channel with obliquely oriented ridges on one wall. (A)
Schematic diagram of channel with ridges. The coordinate systems (x, y, z) and (x+, y+, z) define the
principal axes of the channel and of the ridges. The angle , defines the orientation of the ridges
with respect to the channel. The amplitude of the ridges, -h, is small compared to the average
height of the channel, h (- % 0.3). The width of the channel is w and principal wavevector of the
ridges is q. The red and green lines represent trajectories in the flow. The streamlines of the flow
in the cross section are shown below the channel. The angular displacement, !", is evaluated on
an outer streamline. (B) Optical micrograph showing a top view of a red stream and a green stream
flowing on either side of a clear stream in a channel such as in (A) with h # 70 .m, w # 200 .m,
- # 0.2, q # 2//200 .m)1, and , # 45°. (C) Fluorescent confocal micrographs of vertical cross
sections of a microchannel such as in (A). The frames show the rotation and distortion of a stream
of fluorescent solution that was injected along one side of the channel such as the stream of green
solution in (B). The measured values of !" are indicated (29).

Fig. 2. Staggered herringbonemixer (SHM). (A) Schematic diagram of one-and-a-half cycles of the SHM.
A mixing cycle is composed of two sequential regions of ridges; the direction of asymmetry of the
herringbones switches with respect to the centerline of the channel from one region to the next. The
streamlines of the flow in the cross section are shown schematically above the channel. The angle,!"m,
is the average angular displacement of a volume of fluid along an outer streamline over one half cycle
in the flow generated by the wide arms of the herringbones. The fraction of the width of the channel
occupied by the wide arms of the herringbones is p. The horizontal positions of the centers of rotation,
the upwellings, and the downwellings of the cellular flows are indicated by c, u, and d, respectively. (B)
Confocal micrographs of vertical cross sections of a channel as in (A). Two streams of fluorescent
solution were injected on either side of a stream of clear solution (29). The frames show the distribution
of fluorescence upstream of the features, after one half cycle, and after one full cycle. The fingerlike
structures at the end of the fluorescent filaments on the bottom left of the second two frames are due
to the weak separation of streamlines that occurs in the rectangular grooves even at low Re. In this
experiment, h# 77 .m, w# 200 .m, - # 0.23, q# 2//100 .m)1, p# 2/3, and , # 45°, and there
were 10 ridges per half cycle. Re % 10)2. !"m 0 180°.
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folding over the concentration profile and doubling the lat-
eral gradient. A subsequent similar stage doubles the gradient
once more and returns the fluid stream to the original plane.

As such a truly three-dimensional structure is hard to
manufacture, we simplified the design by eliminating the
straight out-of-plane runs. Our design uses two planar layers
that are sandwiched and fused together, as shown in the
cross-section Fig. 1!b". Sufficient out-of-plane rotation is ob-
tained where the channels in the different layers overlap, as
long as the cross section of the channels is sufficiently
square. Our channels are 100 #m wide and 70 #m deep, and
each stage of the mixer has a footprint of 400 #m
!300 #m.

The microfluidic chips are fabricated by replication
molding of a silicone elastomer !RTV 615 A and B, General
Electric, Waterford, NY" from a master mold. The master
molds are manufactured using a rapid-prototyping
approach,10 in which a 70 #m thick layer of patterned pho-
toresist !SU-8 2050, Micro-Chem NANO™, Newton, MA"
serves directly as the mold for the elastomer. The top layer
was cast as a slab of 4–5 mm thickness from a 4:1 mixture
of RTV 615 A and B, whereas the bottom layer was spin-cast
to a thickness of 90 #m from a 25:1 mixture of the two RTV
compounds. After curing, both layers were sandwiched to-
gether under a stereomicroscope, and stainless steel tubing
was inserted to provide inlets and outlets for the fluids. The
elastomer chip was then anchored on a microscope cover
glass. To insulate the chip from mechanical strain from the
external mounting or tubing, which causes fluctuations in the
flow rates as the channels expand or contract, the chip can be
encapsulated in a block of epoxy resin11 !Tra-bond 2115,

Tra-Con Inc., Bedford, MA". A cross section of the entire
chip assembly is shown in Fig. 1!b".

To demonstrate mixing of two protein solutions on the
chip, the chip is mounted on an inverted optical microscope.
Two kinds of fluorescently labeled streptavidin !Streptavidin
AlexaFluor488 and Streptavidin AlexaFluor568, Molecular
Probes" were dissolved at a concentration of 1 mg/ml in PBS
!8 mM Na2PO4 , 1.5 mM KHPO4 , 2.7 mM KCl, 130 mM
NaCl, pH 7.3" and injected into the flow channels with sy-
ringe pumps at flow rates of 15 # l/hr each. The fluorescence
was imaged onto a commercial color charge-coupled device
camera using a two-color fluorescence filter set !FITC/Texas
Red, Chroma Technology, Rockingham, VT".

Figure 1!c" shows the mixing of the two fluorescently
labeled protein solutions in a six-stage mixer. Initially, the
fluids are combined in a T-junction, exhibiting one sharp
boundary layer. After the first two mixing stages, four inter-
faces, now broadened by diffusion. After three stages or a
device length of 1.2 mm, the liquids are well mixed. Under
our conditions, the Reynolds number and Peclet numbers are
Re"0.1, and Pe"0.69, respectively, which indicates that dif-
fusion is the dominant mixing process at the interfaces. By
increasing the viscosity of the solution and increasing the

FIG. 2. !a" Fluorescence across the flow channel after two mixing stages
when a Ca2#-sensitive dye is mixed with a CaCl2 solution at different flow
velocities, after the background is subtracted. The fluorescence of a pre-
mixed solution is shown for comparison. !b" Fraction of unmixed fluid at
each stage of the mixer for different flow rates, as determined from the
fluorescence measurements. Linear regression lines in the semilogarithmic
display indicate the exponential increase in mixing efficiency with
channel length.

FIG. 1. !Color" !a" Topologic structure for microfluidic mixing. Two differ-
ent solutions are combined in a T-junction. The fluid flow is repeatedly split,
rotated, and recombined as indicated by the arrows. !b" Schematic cross-
section of an assembled mixing chip. The two principal elastomer layers are
fused together and anchored with a third elastomer layer on a glass cover
slip. The chip is embedded in a block of epoxy resin for additional mechani-
cal stability; steel tubes provide the inlets and outlet. !c" Mixing of two
fluorescently labeled protein solutions in a six-stage mixer at a flow rate of
1 mm/s, corresponding to a Reynolds number of 0.1. !top". Mixing of the
same dyes in an aqueous 54% glycerol solution with ten-fold higher viscos-
ity at a flow rate of 10 mm/s, maintaining the same Reynolds number of
0.1 !bottom".

2194 Appl. Phys. Lett., Vol. 84, No. 12, 22 March 2004 H. Chen and J. Meiners
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Aqueous droplets of 250 pL formed in a microfluidic channel in a
continuous flow of a water-immiscible fluid act as microreactors that
mix the reagents rapidly and transport them with no dispersion. These
droplets may also be used to control chemical reaction networks on
millisecond time scale. For more information see the following
publication by R. F. Ismagilov et al.
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High-Throughput Measurements

A Microfluidic System for Controlling Reaction
Networks in Time**

Helen Song, Joshua D. Tice, and Rustem F. Ismagilov*

We present here a microfluidic system that may be used to
control networks of many chemical reactions on the milli-
second scale. It allows to control when each reaction begins,
for how long each reaction evolves before it is separated or
combined with other reactions, and when each reaction is
analyzed or quenched. The system uses flow of fluids to
linearly transform space (length of capillaries) into time
(reaction time). For a chemical reaction in an open system this
transformation is simple and well known: A solution of
reagent A and a solution of reagent B are injected as steady
streams into a microfluidic channel at initial point d= 0 where
the reaction between them begins (t= 0). As the reaction
mixture is transported by the fluid stream at a constant
velocity U, every spatial point d corresponds to a time point t,
the reaction time, where t= d/U. If such a system is
implemented, interactions of multiple chemical reactions in
time could be controlled simply by creating a network of
converging and diverging channels carrying reaction mixtures,
and varying flow velocities to adjust reaction and interaction
times. If the reactions are accompanied by an optical signal
(e.g. changes in fluorescence or absorption), time-resolved
measurements of the reactions in the entire network could be
obtained from a single spatially resolved optical image.

Networks of microfluidic channels[1–3] are especially
attractive for this distance-to-time transformation because
they can be easily fabricated and used to manipulate small
volumes of reagents; they are becoming essential for chemical
and biological analysis and synthesis.[1–3] Flow in microfluidic
devices is laminar; it occurs at low values of the Reynolds
number,Re (~ 0.01–100).Re is defined as lU1/m, where l [m] is
the diameter of the capillary,U [ms!1] the velocity of the flow,
1 [kgm!3] the density, and m [kgm!1 s!1] the viscosity of the
fluid.[4] This laminar flow makes it difficult to implement the
distance-to-time transformation in microfluidic devices for

two reasons (Figure 1a). First, mixing is slow—two streams
injected into a channel flow side-by-side with mixing only by
diffusion,[4–6] therefore d= 0 does not correspond to a well-
defined starting point (t= 0) of the reaction. Significant
research efforts have been devoted to solving this problem of
slow mixing.[2,3, 7] Turbulent flows provide both rapid mixing
and low dispersion,[8] but turbulence occurs at values of
Re> 2000 reached in microchannels only at high flow rates
(~ 10 ms!1). Achieving such flow velocities requires undesir-
ably high sample consumption (~ 1 mLs!1) and high pres-
sures. Second, the dispersion of solutes along the channel is
large—the flow profile is parabolic, and the reagents are
transported at a range of velocities.[4] Therefore, a given
distance d corresponds to a range of reaction times t=d/U.

We developed a simple microfluidic system that over-
comes both problems—it transports solutions with rapid
mixing and no dispersion (Figure 1b). This system uses
networks of microchannels with rectangular cross sections
and hydrophobic surfaces fabricated using rapid prototyping
in polydimethylsiloxane (PDMS).[9] We controlled the volu-
metric flow rates through each channel using syringe pumps.
Dispersion was eliminated by localizing the reagents within
aqueous plugs (droplets large enough to block the channel)
separated by a water-immiscible oil. Immiscible fluids have
been used to localize reagents in both commercial[10] and
laboratory[11–13] systems. Here we describe methods for
forming plugs of multiple solutions of reagents, for using
chaotic advection to achieve especially rapid (~ 2 ms) mixing
within the plugs, and for splitting and merging these plugs in
order to create complex microfluidic networks.

To form droplets from two solutions of reagents without
bringing the reagents into prior contact we flowed these

Figure 1. Schematic comparison of a reaction A+B conducted in a
standard pressure-driven microfluidic system device (a) and in the mi-
crofluidic device described here (b). a) Reaction time t¼6 d/U. b) Reac-
tion time t=d/U. Two aqueous reagents (red, A and blue, B) can form
laminar streams separated by a gray “divider” aqueous stream in a mi-
crochannel. When the three streams enter the channel with a flowing
immiscible fluid, they form droplets (plugs). The reagents come into
contact as the contents of the droplets are rapidly mixed. Internal recir-
culation within plugs flowing through channels of different geometries
is shown schematically by arrows.
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exponent!, the time scale tdiff,ca for mixing by diffusion "Eq.
#1!$ becomes

tdiff,ca#n !%w2&!2n/2D . #2!

For n cycles, the time scale for transport by convection
would be

tconv#n !%naw/U , #3!

where U "m s!1$ is flow velocity.
Second, in the spirit of the traditional description of cha-

otic mixing12 #and also the argument by Stroock et al.8!, we

assumed that the mixing time tmix,ca is determined by the
number of cycles n for which the time scales for convective
transport tconv(n) and diffusive mixing tdiff,ca(n) are
matched: tconv(n)"n(aw/U)"w2&!2n/2D"tdiff,ca(n). Af-
ter rearrangement, we obtain 2an&2n"wU/D"Pe , where
the Pe is the dimensionless Péclet number, defined as Pe
"wU/D . In the limit of large Péclet number, we obtain n
%log(Pe). By replacing the derived value of n within the
equation for transport by convection, the mixing time tmix,ca
is

tmix,ca%tconv#n !%#aw/U !log#Pe !. #4!

We emphasize that this result is similar to the one obtained
by Stroock et al. for chaotic mixing in structured
microchannels8 and to the classic result for chaotic mixing.12
The derivation of this argument for mixing in plugs is needed
to outline the assumptions that we made, and therefore, to
show the limits of its applicability.

We conducted a series of mixing experiments to test the
scaling argument "Eq. #4!$ by independently varying each of

FIG. 1. #Color! Mixing by the baker’s transformation in plugs moving
through winding microfluidic channels shown #a! experimentally and #b!
schematically. #a! Left: a scheme of the microfluidic network. Right: micro-
photograph of plugs. Solutions were as in Fig. 3 of Ref. 10. Total flow
velocity U"53 mm s!1.

FIG. 2. #Color! An illustration of mixing in plugs moving through micro-
channels and quantification of the mixing. #a! and #b! Left: a scheme of the
microfluidic network. #a! Right: microphotograph showing flow patterns in
plugs moving through the microchannels used to test the scaling argument.
#b! Right: a false-color fluorescence microphotograph of plugs showing
time-averaged fluorescence arising from mixing of Fluo-4 and Ca2# solu-
tions #see Ref. 1!. #c! Mixing curve obtained by analyzing intensities of
fluorescence in images such as shown in #b!. Submillisecond mixing was
observed for the specified conditions of w, U, and D.

FIG. 3. #Color! Experimental data testing the scaling of chaotic mixing.
#a!–#d! 90% mixing time (90% tmix "s$), was obtained from mixing curves
such as shown in Fig. 2#c!. Mixing time as a function of #a! w #symbols! for
constant U"100 mm s!1; #b! U for constant w"100 'm; and #c! D for
constant w"100 'm and varying U from 18 mm s!1 #open symbols! to 66
mm s!1 #closed symbols!. Data are shown for ! D%1.6$10!9 m2 s!1 ob-
tained with the Fluo-4/Ca2# system, and for ! D%2$10!10 m2 s!1 ob-
tained with the RNase A system. #d! Entire data set from #a!–#c! is replotted
versus (w/2)2/2D , where stl(0)%w/2. This plot demonstrates that the ob-
served mixing by chaotic advection is much faster than would have been
predicted if mixing occurred purely by diffusion #prediction of mixing by
pure diffusion is shown by dashed line with a slope of 1!.

FIG. 4. #Color! Entire experimental data set from Fig. 3 collapses on a line
when plotted versus (w/U)log(Pe), in agreement with the scaling equation.

4665Appl. Phys. Lett., Vol. 83, No. 22, 1 December 2003 Song et al.
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Fig. 1 Schematic view of a single element of the BMM. The initial cross section

(X = 0 µm) is A = W×H = 50µm× 50µm. The three figures on top correspond

to the three main parts of the mixer. In Part I the fluid is stretched by a factor

2, and the final cross section is W × H = 100µm × 25µm. In Part II the fluid is

divided into two channels with constant cross-section W × H = 100µm × 25µm,

one moving up and the other moving down. Finally, in Part III the two channels

are placed one on top of the other, by bending both of them in opposite directions.

The final cross section is ready for the next mixer element.

It is well established that the two basic mechanisms giving rise to the

chaotic advection of passive scalars are the alternately stretching and folding

of fluid elements, leading to a substantial increase of any initial concentra-

tion gradient, up to the point where diffusion eventually becomes dominant,

and molecular mixing takes place [1,9]. The simplest possible version of this
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Fig. 2 Mixing of two passive tracers as they flow through 10 elements of the

BMM (A red tracer is injected at the top left corner of the channel and a blue

tracer at the bottom right quarter of the cross section). The tracer concentration is

subsequently measured at X = 1/3, 1, 2, 3, 5 and 10 (in number of mixer elements).

The results correspond to a Stokes flow at a very large Peclet number Pe = 105.

due to molecular diffusion. Thus, in a single time step ∆t, the displacement

of a tracer particle is given by ∆r = u ∆t+(6 D
m

∆t)1/2ň, where u is the

fluid velocity and ň is a randomly oriented unit vector. We first simulated

the mixing of two initially segregated passive species, at a very large Peclet

number, Pe = 105. We randomly launch a large number of tracer particles

of the two different species at opposite corners of the inlet section of the

BMM, and follow them as they are advected downstream through 10 mixer
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Fig. 3 Mixing degree of two identical passive tracers (T and B), initially top-

bottom segregated, as they flow through 15 elements of the BMM. The Peclet

number is Pe = 106. Solid symbols correspond to the numerical simulations, and

open circles correspond to the analytical solution for an ideal baker’s mixer. The

line of 90% mixing is plotted, (σm = 0.1), and the lengths at which 90% mixing

is reached for both the ideal mixer and the BMM are indicated.

along the mixer X = n
x

L/3, the standard deviation in the concentra-

tion difference between T and B particles: σ
mix

(X) = (�(CT (X, y, z) −

CB(X, y, z))2�)1/2. The standard deviation is then normalized such that

σ
m

(0) = 1, for tracer particles completely segregated in the transverse di-

rection, and σ
m

(∞) = 0 for complete mixing 1. Let us consider first the case

1 We simulate the advection of N = 106 tracer particles. The initial concentra-

tion is non-uniform and proportional to the local flow-rate. Also, the asymptotic
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Fig. 4 Dependence of the mixing length �90%m on the Peclet number. The solid

circles correspond to the numerical simulations performed in the BMM. The com-

putation of �90%m for Pe = 105 is illustrated in figure 3. The small solid symbols and

the solid squares correspond to two different estimates based on an ideal baker’s

mixer (see text for details).

the mixing length can be obtained by computing it for an ideal mixer, in

which the size of the transverse inhomogeneities is reduced by a factor of 2

in each cycle, ∆y
B

(n
c

) = ∆y0/2nc , where ∆y0 = �/2 is the initial size of

the segregated regions in the previous example and n
c

= X/L is the num-

ber of mixer elements. At the same time, as the fluid flows downstream,

the tracer particles diffuse in the transverse direction over a diffusive length

∆y
D

(n
c

) =
p

2�Ln
c

/Pe. The mixing length �
m

can therefore be estimated

as the number of elements required for the transverse inhomogeneities to
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