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Microfluidica	
  
Gradiente	
  de	
  Presiones	
  y	
  Campos	
  Eléctricos	
  

Fuerzas	
  mas	
  importantes	
  para	
  mover	
  fluidos	
  y	
  par*culas	
  suspendidas	
  en	
  los	
  fluidos	
  
(en	
  todos	
  los	
  casos	
  las	
  condiciones	
  de	
  borde	
  y	
  tensiones	
  superficiales	
  son	
  fundamentales)	
  

	
  Clasificación	
  

Electro-­‐osmosis	
  	
  
Campo	
  eléctrico	
  +	
  	
  

Superficies	
  con	
  carga	
  neta	
  +	
  	
  
solución	
  con	
  electrolitos	
  	
  
à	
  genera	
  convección	
  	
  	
  

Electroforesis	
  
Campo	
  eléctrico	
  +	
  	
  

Superficies	
  sólida	
  con	
  carga	
  neta	
  	
  
o	
  parIcula	
  cargada+	
  	
  

à	
  Fuerza	
  neta	
  en	
  la	
  parIcula	
  

Dielectroforesis	
  
Campo	
  eléctrico	
  +	
  
No	
  uniforme	
  +	
  	
  

parIcula	
  neutra	
  +	
  
Polarización	
  de	
  los	
  materiales	
  	
  
à	
  Fuerza	
  neta	
  en	
  la	
  parIcula	
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Figure 9.1: Sketch supporting the heuristic argument for the direction of the electric dipole
moment p induced in a dielectric sphere with dielectric constant ≤2 by the inhomogeneous
electrical field E. The sphere is placed in a dielectric fluid with dielectric constant ≤1
and the dielectric force acting on the sphere is denoted Fdip. (a1) The particle is more
polarizable than the fluid, i.e., ≤2 > ≤1. Here the fluid could be vacuum. (b1) The particle
is less polarizable than the fluid, i.e., ≤2 < ≤1. (a2) and (b2) The eÆective charges and
directions of p and Fdip corresponding to (a1) and (b1), respectively.

In Fig. 9.1(b1), the situation is reversed. Now the the medium (dark gray) has the
larger dielectric constant ≤1 and many polarization charges at its surfaces, while the sphere
(light gray) has the smaller dielectric constant ≤2 < ≤1 and fewer polarization charges.

In Fig. 9.1(a2) and (b2) only the un-paired surface charges of panel (a1) and (b1) are
shown, which makes it easy to draw the direction of the dipole moment p of the dielectric
sphere. Since by construction the gradient of the electric field points to the region with
highest density of electrical field lines, i.e., to the left, it is also easy by use of Eq. (9.3) to
deduce the direction of the dielectric force Fdip.

For ≤1 < ≤2 the dielectric force pulls the dielectric particle towards the region of strong
E-field (to the left), while for ≤1 > ≤2 the particle is pushed away from this region (towards
the right).

9.2 A point dipole in a dielectric fluid

The first step in our more rigorous analysis is to determine the electrical potential ¡dip(r)
arising from a point dipole p = qd placed at the center of the coordinate system in a
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Microfluidica	
  
Electrociné1ca	
  

Muchos	
  aspectos	
  de	
  Electrociné6ca	
  se	
  desarollaron	
  en	
  areas	
  aplicadas	
  
ParIculas	
  coloidales	
  y	
  dispersiones;	
  	
  
Separación	
  usando	
  tubos	
  capilares	
  (electroforesis	
  en	
  capilares);	
  	
  	
  
Transporte	
  en	
  medios	
  porosos;	
  

Caso	
  paradigmá1co	
  del	
  1po	
  de	
  problemas	
  y	
  aplicaciones:	
  
	
  Transporte	
  de	
  soluciones	
  acuosas	
  en	
  un	
  capilar	
  de	
  vidrio	
  

Mus	
  usado	
  como	
  método	
  de	
  transporte	
  y	
  manipulación	
  de	
  fluidos	
  y	
  parIculas	
  en	
  microfluidica.	
  
Ventajas:	
  -­‐	
  Se	
  origina	
  en	
  las	
  interfaces	
  à	
  ideal	
  para	
  miniaturización	
  (ley	
  de	
  escala	
  a	
  favor!)	
  

	
   	
  -­‐	
  Funciona	
  muy	
  bien	
  con	
  vidrio	
  y	
  PDMS	
  y	
  con	
  soluciones	
  acuosas	
  
	
   	
  -­‐	
  Mucha	
  experiencia	
  y	
  resultados	
  disponibles	
  (especialmente	
  en	
  separación)	
  
	
   	
  -­‐	
  Fácil	
  de	
  fabricar,	
  integrar	
  y	
  controlar	
  en	
  microfluidica	
  

Desventajas: 	
  -­‐	
  Funciona	
  únicamente	
  en	
  sistemas	
  con	
  cargas	
  eléctricas	
  o	
  polarizables	
  
	
   	
   	
  -­‐	
  Voltajes	
  y	
  campos	
  eléctricos	
  altos	
  (puede	
  ser	
  un	
  problema	
  o	
  limitación)	
  
	
   	
   	
  -­‐	
  Puede	
  producir	
  calor	
  en	
  la	
  muestra	
  (calentamiento	
  por	
  resistencia)	
  
	
   	
   	
  -­‐	
  No	
  sirve	
  si	
  uno	
  quiere	
  evitar	
  la	
  separación	
  de	
  cargas!	
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Electrocine1ca	
  

Cuando	
  un	
  dieléctrico	
  (vidrio)	
  es	
  sumergido	
  en	
  una	
  solución	
  con	
  electrolitos	
  (H2O	
  +	
  NaCl)	
  
La	
  superficie	
  usualmente	
  termina	
  con	
  carga	
  neta	
  	
  

(disociación	
  de	
  grupos	
  –SiOH;	
  adsorción	
  de	
  iones	
  OH-­‐;	
  depende	
  del	
  PH)	
  

–	
  	
  –	
  	
  –	
  	
  –	
  –	
  	
  –	
  	
  –	
  	
  –	
  –	
  	
  –	
  	
  –	
  	
  –	
  –	
  	
  –	
  	
  –	
  –	
  	
  –	
  –	
  –	
  	
  –	
  	
  	
  	
  

se	
  forma	
  una	
  Doble	
  Capa	
  Eléctrica	
  

capa de Stern:  
⇨  Primera capa con los iones opuestos; 
⇨  Interacción electrostática con el solido; 
⇨  En general no se mueve 

(aun con campo eléctrico paralelo a la superficie) 

capa difusa:  
⇨  Los iones se mueven libremente (ambos signos); 
⇨  Teoría  de Guy-Chapman 

Equilibrio en mecánica estadística: distribución de 
Boltzmann para los iones y ecuación de Poison 
(electrostática).  

⇨  Concentraciones decaen exponencialmente:  
Longitud de Debye λD ó κ-1. 

⇨  Depende del potencial en la superficie ψs. 
 

! = !! !exp − !!!"!!!
 ! = !! !exp −!"  
 

Distribución de Boltzmann	
   Aprox. Debye-Hückel	
   Longitud de Debye	
  

!!! = ! !ϵ!
!/!

= ϵ!!!!!
2!!!!!!!

!/!
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Figure 7.3: (a) The ionic structure in thermal equilibrium of the Debye layer in an elec-
trolyte (light gray, x > 0) near a solid surface in the xy plane after charge transfer between
the solid (dark gray, z < 0) and the electrolyte has taken place. For 0 < z < s lies the
single-layer of immobile counter-ions, the Stern layer. For s < z < ∏D follows the diÆuse
mobile layer of predominantly counter-ions. For z > ∏D the electrolyte is charge neutral.
(b) The simple continuous field model for the electric potential ¡(z) in the Debye layer.
The potential at the Stern layer next to the surface takes the value ¡(0) = ≥, while it
decays to zero in the bulk on the length scale given by the Debye length ∏D. (c) The
corresponding ionic densities c+(z) and c°(z) in the Debye layer.

following chapter of the electrokinetic eÆect called electroosmosis and its applications to
micropumps.

Consider an electrolyte in contact with a solid surface, either in the form of the walls
of the microfluidic channel in which the liquid flows or in the form of a particle suspended
in the liquid. Depending on the chemical composition of the solid and of the electrolyte
chemical processes at the surface will result in a charge transfer between the electrolyte and
the wall. As a result the wall and the electrolyte gets oppositely charged while maintaining
global charge neutrality. In Fig. 7.3(a) is sketched how the ions are distributed in the
electrolyte after the charge transfer has taken place.

7.3.1 The continuum model of the Debye layer

The basic physics is simple. The ions having the opposite charge of the solid, the counter-
ions, are attracted to the solid, while the other ions, the co-ions, are repelled. In case
of zero temperature a complete charge cancellation, i.e., perfect electric shielding, would
occur at the surface, however, at finite temperature thermal motion counteracts this be-
havior. The governing equation for the continuum description of the co- and counter-ionic
concentrations c±(r) comes from the thermodynamic expression for the chemical potential
µ(r), the free energy of the last added ion,

µ(r) = µ0 + kBT ln
µ

c±(r)
c0

∂
± Ze¡(r), (7.18)

Longitud de Debye es muy pequeña ! 
Concentracion de iones  10-3 M à λD~ 10nm 
(0.0006g of NaCl)   10-5 M à λD~ 100nm 

!! = !
!ϵ
!

!/!
= ϵ!!!!!

2!!!!!!!

!/!
 

Neutralidad:	
  Carga	
  neta	
  	
  
en	
  el	
  sistema	
  =	
  0	
  	
  

Tubo	
  de	
  vidrio,	
  Agua,	
  Campo	
  Eléctrico	
  à	
  Electro-­‐osmosis	
  

Capa	
  de	
  Debye	
  
Carga	
  neta	
  posi1va	
  
Fuerza	
  en	
  la	
  dirección	
  	
  

del	
  campo	
  

λD<< h	
  
Centro	
  del	
  tubo:	
  	
  
fluido	
  neutro	
  à	
  	
  
fuerza	
  electrica	
  =0	
  

E	
  



Potencial en la capa de Stern 

Microfluidica	
  
Δψ	
  (Electro-­‐osmosis)	
  +	
  Δp	
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Figure 8.1: The velocity profile v (dashed line and arrows) and the negative Debye layer
charge density profile Ω

eq
el (dark gray and full line) in an ideal electroosmotic (EO) flow

inside a cylindrical channel of radius a and positively charged walls (thick horizontal lines).
The EO flow is induced by the external potential diÆerence ¢¡ext = ¢V resulting in the
homogeneous electric field Eext. Note how the velocity profile reaches the constant value
veo at a distance of a few times the Debye length ∏D from the walls. No pressure drop is
present along the channel in this ideal case.

in Section 7.3.1, where the electrical force in the Debye layer was balanced by minus the
gradient of a concentration-dependent pressure, see Eq. (7.19).

These considerations will be used in the following when analyzing the electroosmotic
eÆect, which is based on moving the ions in the Debye layer by external potential.

8.2 Ideal electroosmotic flow

The principle of electroosmotic (EO) flow is shown in Fig. 8.1. Two metallic electrodes are
situated at each end of a channel, in which charge separation at the walls has led to the
formation of an equilibrium Debye layer. When a DC potential diÆerence ¢V = ¢¡ext is
applied over the electrodes the resulting electrical field Eext,

Eext ¥ °r¡ext, (8.3)

exerts a body force Ω
eq
el Eext on the Debye layer, which begins to move and then by viscous

drag pulls the charge neutral bulk liquid along. If no electrochemical processes occur at the
electrodes the motion stops after a very short time (of the order µs) when the electrodes
are screened by the formation of a Debye layer around them. If, however, electrochemical
processes, e.g., electrolysis, can take place at the electrodes such a charge build-up is
prevented, and electrical currents can flow in the system and thus move the liquid by
viscous drag. In the following we derive an expression for the resulting electroosmotic
velocity field in the liquid.

Given the equilibrium charge density Ω
eq
el (r) of the Debye layer the Navier–Stokes

equation to be used for analyzing EO flows is

Ω
≥
@tv + (v·r)v

¥
= °rpext + ¥r2v ° Ω

eq
el r¡ext. (8.4)

Como	
  encontramos	
  la	
  solución?	
  

! ∂v
∂t + v ∙ ! v = −∇! + !∇!v+ !el!ext!

Nueva	
  fuerza	
  
Campo	
  eléctrico	
  externo	
  

0 = 0+ ! d
!v
dz! + !el

eq!!ext!
!

Transporte	
  debido	
  al	
  campo	
  eléctrico:	
  

Densidad	
  de	
  cargas	
  libres	
  
Ecuación	
  de	
  Poisson	
  

ϵ∇ ∙ ! = ϵ d
!!!"

dz! = !el
eq!!

!
d!
dz! !v+ !!!!"!! = 0!

v(!) = ! − !!!" ! !!"! !

à	
  1er	
  paso:	
  Dividimos	
  el	
  problema	
  en	
  dos	
  (Re<<1;	
  Stokes)	
  	
  

v z = ± ℎ2 = 0!No-­‐deslizamiento	
   !!" ! ± ℎ2 = !! ζ = Potencial Zeta 

! ≠ !!!!???!



7	
  

v!"# = !
!"
! !!

Microfluidica	
  
Electro-­‐osmosis	
  

v(!) = ! − !!!" ! !!"! !
Perfil	
  plano	
  de	
  velocidades	
  !	
  

Velocidad	
  de	
  flujo	
  electro-­‐osmó1co:	
  

v!"# = !!"#!!!
!

Movilidad:	
  	
  

!!"# = !
!"
! !

Que	
  pasa	
  en	
  Nanofluidos?	
  	
  

Las	
  capas	
  de	
  Debye	
  se	
  superponen	
  !?	
  
Algunas	
  predicciones	
  de	
  comportamiento	
  
anormal	
  con	
  simulaciones	
  de	
  dinámica	
  
molecular.	
  	
  

Qiao,	
  R.	
  and	
  Aluru,	
  N.	
  R.	
  “Ion	
  Concentra1ons	
  and	
  Velocity	
  Profiles	
  in	
  Nanochannel	
  Electroosmo1c	
  Flows”	
  	
  
The	
  Journal	
  of	
  Chemical	
  Physics	
  118,	
  no.	
  10	
  (2003):	
  4692.	
  doi:10.1063/1.1543140,	
  	
  

studies on Poiseuille flow of Lennard-Jones atoms indicated
that the continuum theory breaks down for channels nar-
rower than four molecular diameters.12 Hence, it is important
to understand in detail the validity of continuum theories for
electroosmotic fluid flow in nanometer wide channels.

Molecular dynamics !MD" simulation is an important
tool to study fluid flow in nanometer wide channels. In a MD
simulation, the molecular interactions between ion–ion, ion–
wall, and ion–water are calculated explicitly by using the
Coulomb potential and the Lennard-Jones potential. The
Lennard-Jones potential is an empirical potential that param-
eterizes a number of different molecular interactions !e.g.,
the van der Waals interaction is mainly described by the
attractive part of the Lennard-Jones potential". Since the
ion–ion, ion–wall, and ion–water interactions are treated
only in a mean-field fashion in the classical continuum
theory, the significance of the molecular aspects of these in-
teractions can be understood by a detailed comparison be-
tween MD and continuum results. Molecular dynamics simu-
lation of electroosmotic flow in a 6.53 nm wide channel has
been reported recently and ion distributions from molecular
dynamics have been found to be different from those pre-
dicted by the classical Poisson–Boltzmann theory.14 In addi-
tion, it was also reported that the shear viscosity near the
channel wall increases dramatically.14

In this paper we study electroosmotic transport in
nanochannels with widths ranging from 0.95 to 10.00 nm
using molecular dynamics and continuum theory. Section II
describes the continuum modeling approach for electroos-
motic flow, Sec. III describes the simulation of electroos-
motic flow using nonequilibrium molecular dynamics
!NEMD" technique, and Sec. IV presents results on ion dis-
tributions in various nanometer wide channels by comparing
continuum and molecular dynamics results. The significance
of molecular interactions between ion–wall and ion–water
are discussed in detail for different cases. A modified
Poisson–Boltzmann equation, which incorporates the vari-
ous molecular interactions in a lumped manner, is also pre-
sented in Sec. IV. Section V presents results on velocity pro-
files for various channel widths by comparing continuum
theory and molecular dynamics results. A technique that em-
beds MD velocity data from a smaller length scale into simu-
lation of electroosmotic flow in larger width channels is also
presented in Sec. V. Finally, conclusions are presented in
Sec. VI.

II. CONTINUUM MODELING OF ELECTROOSMOTIC
FLOW

In this paper, we focus on the study of electroosmotic
transport in straight flat channels !the channel width is in the
z-direction, and the flow is along the x-direction, see Fig. 1"
where !1" only counter-ions are present in the channel and
!2" the flow is fully-developed and there is no externally
applied pressure gradient. For electroosmotic transport in a
straight flat channel with uniform charge densities on the
channel walls and filled with water and single mobile ion
species, the continuum mathematical description is based
on the Poisson–Boltzmann equation !1" and the Stokes
equation !2"

#2$!z "
#z2 !"

q
%
z̃c0e"qz̃$!z "/kBT, !1"

d
dz ! &

du!z "
dz "#qz̃c!z "Eext!0, !2"

where $(z) is the potential induced by the charges on the
channel wall and ions in the channel, q is the electron charge
!i.e., 1.6$10"19 C), z̃ is the valency of the counter-ion, c0 is
the counter-ion concentration at the channel center where the
potential is assumed to be zero, % is the permittivity of the
fluid in the channel, kB is the Boltzmann constant, T is the
temperature, u(z) is the velocity of the fluid, & is the dy-
namic viscosity of the fluid, c(z) is the counter-ion concen-
tration across the channel, and Eext is the external electric
field applied along the channel.

The boundary conditions for Eqs. !1" and !2" are

d$!z "
dz #

z!%h/2
!

's

%
, !3"

u!z "$z!%h/2!0, !4"

where z!%h/2 corresponds to the location of the lower and
the upper channel wall and 's is the charge density on the
channel walls. Analytical solutions for Eqs. !1" and !2" are
available for the boundary conditions given in Eqs. !3" and
!4".15,16 But to use the analytical solution, one needs to first
solve a transcendental equation numerically, so Eqs. !1" and
!2" are solved numerically in this paper.

The relative permittivity of water is taken as 81, which is
the reported value for SPC/E water at 300 K.17 We note that
relative permittivity of water in the channel could be differ-
ent from its bulk value due to confinement and high electric
field near the channel wall.18,19 However, it was recently
reported14 that the influence of relative permittivity variation
in the channel on the ion distribution is less important com-
pared to the ion–wall interactions. Therefore, the relative
permittivity is taken as a constant in the entire channel in this

FIG. 1. A schematic of the channel system under investigation. The two
channel walls are symmetrical with respect to the channel center line. Each
wall is made up of four layers of silicon atoms. The channel width W is
defined as the distance between the two innermost wall layers. The dark dots
denote water molecules and the shaded circles denote either Cl" or Na#

ions. For the coordinate system chosen, z!0 corresponds to the central
plane of the channel system.

4693J. Chem. Phys., Vol. 118, No. 10, 8 March 2003 Nanochannel electroosmotic flows
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(a) (b)

Figure 8.5: (a) A frit-based EO micropump designed and built in the group of Bruus at
MIC. For ¢V = 30 V, the pump has Qeo º 0.8 µL/s and peo º 4 kPa, and it can run
steadily for hours. (b) The pump consists of layers of polymer sheets micromachined using
the laser ablation technique described in Fig. 2.4. The glass frit (gray hatched square)
is situated in the central layer. The platinum electrodes (spirals), where gas bubbles are
generated by electrolysis, are separated from the liquid flow (the arrow) by anion exchange
membranes (white and gray hatched layers), which only allow the passage of OH° ions.

OH°1 ions, and thus prevent the electrolytic gases generated at the electrodes to interfere
with the liquid flow. With the design the pump can run steadily for hours.

The shown prototype of the frit-based EO pump has the dimensions 20£20£10 mm3,
the size mainly being set by the commercially available frits, which are cylindrical with a
radius of 1.8 mm and a thickness of 2 mm, and the size of the screws holding it together.
It is of course the plan to integrate the pump directly in a lab-on-a-chip system, now that
the prototype has been tested successfully.

8.6 The cascade EO pump

While the many-channel EO pump solved the problem of obtaining a high pressure ca-
pability, we still have not gotten around the problem of the low nL/s flow rate indicated
by Eq. (8.27a). In many microfluidic applications a flow rate of µL/s is needed. With a
simple EO pump this can be achieved by applying high voltages of the order 1 kV. This
is of course doable but not very practical.

A solution to this problem is a so-called cascade EO pump, which consists of several
EO pump stages in series each with a zero voltage drop. A single zero-voltage EO pump
stage can be realized by breaking the translation symmetry along the flow direction. A
particularly simple example of this principle is shown in Fig. 8.6(a).

Consider two cylindrical channels of radius a1 and a2, respectively, but with the same
length L and zeta potential ≥. These two channels are joined together in series to form
one long channel of length 2L. All eÆects induced by the transition from the wide to
the narrow part of the resulting channel are neglected. The three positions of interest
are x = 0, L and 2L. The applied voltage ¡ext(x) is going from 0 to ¢V and back to
zero at these three points, respectively. The pressure is pext(0) = 0, pext(L) = pc, and
pext(2L) = ¢p.

Fritas	
  de	
  vidrio	
  por	
  las	
  cual	
  pasa	
  el	
  flujo	
  
creando	
  múl1ples	
  canales	
  en	
  paralelo	
  

Canales	
  en	
  series	
  para	
  reducir	
  la	
  caída	
  de	
  voltaje	
  
(usando	
  la	
  diferencia	
  de	
  flujo	
  dependiendo	
  del	
  tamaño)	
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inlet outlet

gel�anode�(salt�bridge)

gel�cathode�(salt�bridge)

one�wide�channel
50 m�x�20 m! !

10�narrow�channels
5 m�x�20 m! !

+ + +

" " "

8
0
0

m
!

(a) (b)

0 L 2Lx

a1 a2

part 1
part 2

φext(0) = 0
pext(0) = 0

φext(L) = ∆V

pext(L) = p
c

φext(2L) = 0
pext(2L) = ∆p

E E

Figure 8.6: (a) A single stage (with two parts) in a cascade EO pump, which yields a
finite EO flow although the total voltage drop along the channel is zero. (b) The cascade
EO pump from Fig. 3.11(a) containing three identical stages. Each stage consists of ten
narrow channels in series with one wide channel, and the total voltage drop per stage is
zero.

A zero-voltage EO pump stage can also be constructed by letting channel 1 be a many-
channel EO pump and channel 2 a single-channel EO pump, as shown in Fig. 8.6(b). Let
us take N2 narrow channels of radius a1 = a2/N , and as before use channel 2 as our
reference:

Æ ¥ a1

a2

=
1
N

, R§
hyd ¥

8¥L

ºa4
2

, Q§
eo ¥

ºa2
2≤≥

¥L
¢V. (8.35)

With this choice of geometry the two parts of the EO pump stage have the same area
available for flow, A = N2ºa2

1 = ºa2
2 , and the hydraulic resistances and EO flow rates

become

Qeo,1 =
1

N2
Q§

eo, Rhyd,1 = N4R§
hyd, (8.36a)

Qeo,N = Q§
eo, Rhyd,N = N2R§

hyd, (8.36b)

Qeo,2 = °Q§
eo, Rhyd,2 = R§

hyd. (8.36c)

Here subscript N refers to the ensemble of N2 parallel channels in section 1, while a single
channel here carries the subscript 1. The flow rate in the two sections now become

Q = Qeo,N +
0° pc

Rhyd,N

= Q§
eo °

1
N2

pc

R§
hyd

, (8.37a)

Q = Qeo,2 +
pc °¢p

Rhyd,2

= °Q§
eo +

pc °¢p

R§
hyd

. (8.37b)

From this we find in analogy with Eq. (8.33) that the central pressure pc and the flow rate
Q depend linearly on Q§

eo and the back-pressure ¢p,

pc =
2N2

N2 + 1
R§

hydQ
§
eo +

N2

N2 + 1
¢p (8.38a)

Q =
N2 ° 1
N2 + 1

Q§
eo °

1
N2 + 1

¢p

R§
hyd

. (8.38b)

En	
  ambos	
  casos	
  hay	
  que	
  analizar	
  el	
  componente	
  debido	
  a	
  Δp	
  	
  
Para	
  poder	
  empujar	
  fluido	
  en	
  contra	
  de	
  una	
  diferencia	
  de	
  presiones!	
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Patterning Electro-osmotic Flow with Patterned Surface Charge

Abraham D. Stroock, Marcus Weck, Daniel T. Chiu, Wilhelm T. S. Huck, Paul J. A. Kenis,
Rustem F. Ismagilov, and George M. Whitesides*

Department of Chemistry and Chemical Biology, Harvard University, Cambridge, Massachusetts 02138
(Received 2 November 1999)

This Letter reports the measurement of electro-osmotic flows (EOF) in microchannels with surface
charge patterned on the 200 mm scale. We have investigated two classes of patterns: (1) Those in which
the surface charge varies along a direction perpendicular to the electric field used to drive the EOF; this
type of pattern generates multidirectional flow along the direction of the field. (2) Those in which the
surface charge pattern varies parallel to the field; this pattern generates recirculating cellular flow, and
thus causes motion both parallel and perpendicular to the external field. Measurements of both of these
flows agree well with theory in the limit of thin double layers and low surface potential.

PACS numbers: 47.54.+r, 47.65.+a, 61.20.Lc, 82.45.+z

Microfluidic devices are important in a range of appli-
cations: microanalytical systems for genomics and pro-
teomics, research tools for cell biology, and low-inventory
chemical synthesis. Developments in microfluidics will
require sophisticated methods for handling fluids in the
low Reynolds number (Re) regime that is imposed by the
dimensions of the microchannels in these devices. Elec-
trically driven flow [electro-osmotic flow (EOF)] is an al-
ternative to pressure driven flow in microchannels, but has
been used only for the simplest case, that is, for flow driven
by uniformly charged channel walls. In this Letter, we de-
scribe EOF driven by surface charge patterned on the chan-
nel walls [1]. The geometries that we explore demonstrate
two new types of fluid behavior at low Reynolds number:
multidirectional flow along the axis of the channel and the
applied field, and controlled cellular flow with bulk motion
both perpendicular and parallel to the axis of the channel
and the applied field. We believe that these new types of
flows offer opportunities for fine control of fluid motion
and chemical transport in microfluidic devices, and also
suggest the use of fluids to drive micromechanical ele-
ments via shear-generated torques.
The experimental challenge of patterning surfaces inside

microstructures has hindered the investigation of EOF in
the presence of patterned surface charge. For this study,
we used two soft lithographic techniques [2] to solve this
problem in patterning. We used laminar flow patterning
[3] to generate longitudinal patterns, and a modified ver-
sion of micromolding in capillaries to generate transverse
patterns [4]. In both cases, the electrostatic adsorption of
organic polymers having charged side groups [poly(ions)]
[5] onto the inside walls of the channels generated the re-
quired regions of positive and negative surface charge, and
ensured that these regions had charge densities of similar
magnitude [6].
Electro-osmotic flow [7] uses an externally applied elec-

tric field parallel to a surface with net surface charge den-
sity to drive bulk motion in a fluid. The field interacts with
the net charge carried by the mobile screening layer (the
Debye layer) in the fluid above the surface. A channel

with walls having fixed charges thus generates a mobile
“sheath” of charge in the fluid. When an electric field is
applied, the movement of this sheath transports the bulk
of the fluid, as if the walls of the channel were sliding at

FIG. 1. Schematics of the two patterned geometries studied.
s1 and s2 represent the surface charge densities. (a) q ! E:
Surface charge varying in the direction perpendicular to the ap-
plied electric field: positive coating !s1" on one half !x . 0"
and negative coating !s2" on the other !x , 0". q represents
the direction of a typical wave vector describing the variations
of the charge pattern. The dotted arrows represent the EOF gen-
erated in this geometry. (b) q k E: Patterned charge varying
parallel to the direction of the applied field. In this study, only
one of the four capillary walls is patterned; the other three were
treated with a poly(ethylene glycol) (PEG) to reduce their sur-
face charge and the sticking of beads. Dotted arrows represent
the EOF in this geometry.
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The velocity field can be obtained from w in the standard
way: yy ! !≠w"≠z# and yz ! 2!≠w"≠y#.
Figure 2(a) shows an example of bidirectional flow

generated by the q ! E pattern shown in Fig. 1(a). We
imaged the flow using 2 mm, fluorescent microspheres
with poly(ethylene glycol) (PEG) modified surfaces.
Figure 2(b) shows a plot of the velocities taken from
data of the type shown in Fig. 2(a) and fit with Eq. (2)
evaluated at y ! 130 mm and using 50 terms in the sum.
We have no independent measure of the m1 and m2

values generated by our patterning technique, so these
values were used as adjustable parameters in Eq. (2). The
residual electrophoretic mobility of the tracer beads was
measured independently: mb ! 20.45 !mm"s#"!V"cm#.
Regression led to m1 ! 2.9 !mm"s#"!V"cm# and
m2 ! 23.7 !mm"s#"!V"cm#. These values of m1 and

FIG. 2. q ! E: Experiment and prediction. (a) Bidirectional
EOF in a channel patterned as is shown in Fig. 1(a). The
260 mm 3 260 mm channel was viewed from the top (along
the negative y axis) through a 253 lens with fluorescence
filters. The focal plane was located at y ! 130 mm. PEG-
functionalized 2 mm fluorescent beads were used as flow trac-
ers. Arrows were added to indicate direction. The applied field
(along z) was 95 V"cm. (b) Fit of the bidirectional flow profile
to Eq. (2): The solid dots represent axial !z# velocities taken
from images like those pictured in (a). The velocities are plot-
ted against the x position of the bead. The scatter in the data is
dominated by variations in the mobility of the tracer beads and
small Poiseuille flows which were present in the channel. The
solid line is an optimized fit generated with Eq. (2).

m2 are approximately 60% of those found in channels
coated uniformly with the same poly(ion)s (4.8 and25.8).
This discrepancy may reflect desorption of polymers from
one region and adsorption on the other during or after
patterning.

FIG. 3. q k E: Experiment and prediction. (a) A series of tra-
jectories over a single period of a pattern of the type illustrated
in Fig. 1(b). The channel !200 mm 3 200 mm# was viewed
from the side (along the x axis) with a 253 lens. The focal
plane was located near the center of the channel !x $ 0 mm#.
(b) Comparison of each component of the measured velocity
field !"# with predictions !## made by evaluating Eq. (3) at the
measured ! y, z# positions and plotted against an arbitrary time
scale. Dashed lines separate segments associated with indepen-
dent trajectories. (c) Comparison of the experimental velocities
measured along the trajectories pictured in (a) (arrows) with the
stream function calculated with Eq. (3) (solid lines).
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Green, N. G., Ramos, A., González, A., Morgan, H., and Castellanos, A.  

creases as the frequency increases. This agreement is evi-
dence of the ac electro-osmotic origin of the experimental
fluid motion.
A similar calculation for the case of a Debye-Hückel im-

pedance predicts similar rolls, but with a less accurate depen-
dence on frequency.

V. CONCLUSIONS

Experimental observations of the streamlines of steady
electro-osmotic fluid flow driven by ac fields have been pre-
sented. The streamlines were obtained by superimposing im-
ages of particle movement in a plane normal to the electrode
surface. These experimental streamlines show that the fluid
flow is driven at the surface of the electrodes. Experimental
measurements of the impedance of the electrical double layer
on the electrodes were also presented. The resulting data was
then used to model the double layer behavior as a constant-
phase-angle impedance.
The electrical potential generated by the experimental

electrodes as a function of frequency has been numerically
calculated using both the Debye-Hückel specific capacitance
of the double layer and the experimental CPA impedance.
The ac electro-osmotic velocity at the surface of the elec-
trodes has been calculated using the numerical solution of
the potential for both cases. A better description of the ve-
locity dependence on frequency was obtained by using the

FIG. 11. Numerically computed streamlines for the fluid flow
arising from ac electro-osmosis on the surface of 500 !m wide
electrodes, corresponding to the array used for the observation of
the streamlines. The calculations were performed using the CPA
impedance, electrolyte A and for the three frequencies used in the
experimental observations: "a# 100, "b# 300, and "c# 1000 Hz.

FIG. 12. Comparison of the numerically computed streamlines
for 500 !m wide electrodes and the experimental streamlines for
the three frequencies used in the experimental observations: "a# 100,
"b# 300, and "c# 1000 Hz. The experimental images have been in-
verted.
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small and are not considered in the analysis.
The electro-osmotic velocity has been calculated using a

simple circuit model to represent the fluid/interface system
!1", as well as the linear analysis of the electrokinetic equa-
tions !4". Both models have a good degree of correlation
with experimental data, predicting that the frequency depen-
dence of the fluid flow is governed by electrode polarization,
as demonstrated experimentally !3".
This paper presents experimental results of the flow

streamlines imaged in a plane normal to the surface of the
microelectrodes. The streamlines were obtained by a super-
position of several images of latex tracer particles moving
with the fluid. In order to determine the specific impedance
of the double layer at the surface of the electrodes, experi-
mental measurements were made of the frequency-dependent
impedance of the electrode/electrolyte system.
Finally, the solution for the ac electro-osmotic driven fluid

flow is calculated numerically using the finite element
method. First the electric potential was solved using one of
two boundary conditions at the electrode surface; either us-
ing the double layer capacitance determined from the linear
Debye-Hückel model !13" or using the experimentally deter-
mined values for the double layer impedance. The electrical
stress on the fluid and the fluid velocity at the surface were
then calculated and compared with experimental measure-
ments !3". Finally, the motion of the bulk fluid was numeri-
cally calculated, using the ac electro-osmotic velocity on the
electrode surface as the boundary condition. These results

were compared with the experimental observations of the
streamlines.

II. EXPERIMENTAL RESULTS

The fluid motion has been measured in detail as a function
of the applied field frequency, voltage, and medium conduc-
tivity !3". In general, the fluid velocity increases as the volt-
age is increased and decreases with increasing electrolyte
conductivity. The magnitude of the velocity as a function of
frequency has a bell-shaped profile and tends to zero at high
and low frequency limits.

A. ac electro-osmotic streamlines

The streamlines were recorded using an experimental
setup that has been described previously !14", a schematic of
which is shown in Fig. 2. In summary, two coplanar bar
electrodes, 0.5 mm wide, 2 mm long, and 120 nm thick, with
their long edges parallel and separated by 25 #m, were mi-
crofabricated on a glass slide. The electrodes consisted of a
layer of gold sandwiched between two layers of titanium.
The electrodes were coated in a thin titanium layer because
of the well known resistance of this metal to corrosion in air
or in saline solutions !15". Titanium forms a very thin oxide
layer that usually renders it inactive. Therefore, to a good
approximation, the electrodes can be considered to be per-
fectly polarizable in the range of applied voltages $0–2.5 V%.
A square glass chamber was constructed around the electrode
array, so that the electrode/electrolyte system could be ob-
served both from above and from the side. A microscope
objective and camera were pointed horizontally along the
electrodes with the gap between the electrodes in the center
of the field of view, so that the electrodes could be imaged in
cross section !14". An ac potential difference was applied to
the pair of electrodes with voltage amplitude from 0 to 2.5 V,
and frequencies ranging from 102 to 105 Hz. This frequency
range is always below the charge relaxation frequency f c
!&c/2'!(1/2')((/)), which is from 106 to 108 Hz for
the experimental conductivities.

FIG. 1. A schematic diagram of the mechanism of ac electro-
osmosis for the experimental electrode array, consisting of two long
plate electrodes separated by a narrow gap. $a% shows the induced
charge layers and the electric field E at a point in time, resulting
from a potential difference applied to the two electrodes. The elec-
tric field has a tangential component Ex at the surface of the elec-
trodes, producing a force Fc on the charges at the surface. The time
averaged value of this force for an alternating potential is nonzero,
producing the steady fluid flow pattern shown schematically in $b%.
The fluid flow is driven at the surface of the electrode, moving out
across the surface and dragging fluid down in the center of the gap.

FIG. 2. A schematic diagram of the experimental setup. The
electrodes were fabricated up to the edge of the substrate and a
glass chamber was constructed around the array, with a vertical
glass plate at the end of the electrodes. A microscope objective and
camera were then placed horizontally looking along the gap be-
tween the electrodes. The camera was then focused at a point inside
the chamber at sufficient distance from the electrode ends so that
the fluid flow was moving in the vertical plane of focus only.
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Movimiento	
  de	
  parIculas	
  cargadas	
  en	
  un	
  fluido	
  y	
  en	
  presencia	
  de	
  un	
  campo	
  eléctrico	
  
Fundamental	
  en	
  métodos	
  tradicionales	
  y	
  disposi1vos	
  de	
  microfluidica	
  para	
  separación	
  

Caso	
  I:	
   	
  El	
  fluido	
  1ene	
  baja	
  o	
  cero	
  conduc1vidad	
  eléctrica	
  	
  
	
   	
  (pocas	
  o	
  ninguna	
  carga	
  libre	
  à	
  λD ~ ∞)	
  

!!"! = !!"#$ + !!" = −6!"!!+ Z!! 
 ! = Z!

6!"#! 

 

Ze es la carga neta 
a es el radio de la partícula 

!! =
Z!
6!"# 

 
Movilidad:	
  

Caso	
  II:	
   	
  ParIculas	
  pequeñas.	
  Si	
  	
  λD >> a entonces podemos considerar el fluido como aislante	
  	
  
	
   	
  Cual	
  es	
  la	
  primera	
  corrección?	
  	
  
	
   	
  La	
  carga	
  en	
  la	
  superficie	
  cambia.	
  Se	
  mide	
  con	
  el	
  potencial	
  Zeta	
  

!! = ! d!!" !!!
= !
! 

 

Podríamos	
  haberlo	
  obtenido	
  	
  
con	
  una	
  	
  simple	
  ley	
  de	
  escala!	
  

! = 4!!! 
 

!! =
2ϵζ
3!  

 
è	
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Caso	
  III:	
   	
  ParIculas	
  grandes.	
  Si	
  a >> λD no hay carga neta à no se mueven? 

Comentarios:	
  
-­‐  La	
  movilidad	
  (y	
  velocidad)	
  es	
  independiente	
  del	
  tamaño	
  (importante	
  en	
  separaciones!)	
  
-­‐  Los	
  casos	
  mas	
  interesantes	
  son	
  los	
  intermedios	
  y	
  mucho	
  mas	
  complicados	
  
-­‐  Por	
  otro	
  lado:	
  En	
  todo	
  el	
  rango	
  de	
  λD la	
  movilidad	
  solo	
  cambia	
  en	
  un	
  factor	
  2/3!!	
  
-­‐  Macromoléculas	
  flexibles:	
  ADN	
  !!	
  	
  
-­‐  Mas	
  populares	
  y	
  mas	
  desarrollados	
  :	
  Electroforesis	
  en	
  geles	
  y	
  Electroforesis	
  en	
  capilares	
  

Superficie de la esfera	
  Capa de Debye	
  

E	
  

Moviéndonos junto con la esfera, cual es la velocidad del fluido? 
Igual al caso de electro-osmosis! à Cambiando al marco de referencia del fluido:	
  

v!"# = !
!"
! !! v! = !

!"
! !!è	
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Separation of Long DNA
Molecules in a Microfabricated

Entropic Trap Array
J. Han and H. G. Craighead*

A nanofluidic channel device, consisting of many entropic traps, was designed
and fabricated for the separation of long DNAmolecules. The channel comprises
narrow constrictions and wider regions that cause size-dependent trapping of
DNA at the onset of a constriction. This process creates electrophoreticmobility
differences, thus enabling efficient separation without the use of a gel matrix
or pulsed electric fields. Samples of long DNA molecules (5000 to !160,000
base pairs) were efficiently separated into bands in 15-millimeter-long chan-
nels. Multiple-channel devices operating in parallel were demonstrated. The
efficiency, compactness, and ease of fabrication of the device suggest the
possibility of more practical integrated DNA analysis systems.

Gel electrophoresis is the standard method for
separation of DNA by length. The efficiency of
gel electrophoresis deteriorates seriously, how-
ever, for DNA molecules longer than about
40,000 base pairs (40 kbp). Slab gel pulsed-
field gel electrophoresis (PFGE), using time-
varying drive voltages, can be used to separate
longer double-stranded DNA (dsDNA) frag-
ments, but generally the process is slow, and
recovery of separated DNA from gel is com-
plex. Efficient separation has been reported
with pulsed-field capillary gel electrophoresis
(PFCGE) (1–3). However, only one sample
could be run at a time in PFCGE, and so
multiple capillary systems would be required
for large-scale genome sequencing or DNA
fingerprinting (4). Moreover, with respect to
future integrated bioanalysis systems (5, 6)—
the so-called micro total analysis systems ("-
TAS)—it could be cumbersome to introduce a
foreign sieving matrix into the channel of a
highly integrated device.

A variety of microfabricated systems (7–12)
have been studied for separation of dsDNA.
However, early artificial gel systems (8, 10)
with arrays of pillars showed poor dc electro-
phoretic separation for long DNA molecules,
and the use of pulsed electric fields was re-
quired (9). More recently, a single-molecule
DNA sizing device (11) and a diffusion sorting
array (12) were reported. Despite the advantag-
es of these new systems, it is still unclear how
these systems might be incorporated into estab-
lished bioanalysis protocols.

Recently we introduced an entropic trap
array system with lithographically defined con-
strictions comparable to molecular dimensions;
this system can be used with static (dc) electric
fields to rapidly separate large DNA fragments

(13). A spatially varying but static electric field
and an array of constrictions act as size-depen-
dent traps for DNA motion. Separation matrices
such as gels or polymer solutions are not used,
and the methods used to fabricate this array are
compatible with silicon-based processing.
Therefore, this device could easily be integrated
into a larger total analysis system. The basic
theory of operation of the device has been
described (14). Here, we demonstrate one ap-
plication of the entropic trap array device by
using it in a way similar to conventional slab
gel PFGE methods.

The basic design of the entropic trap array

(Fig. 1A) consists of alternating thin and
thick regions in a microfabricated channel.
The channel depth of the thin region is small-
er than the radius of gyration (Ro) of DNA
molecules being separated, and thus it serves
as a molecular sieve. In the thick region,
DNA molecules can form spherical equilib-
rium shapes because the thickness here is
larger than Ro, whereas in the thin region
DNA molecules are deformed. When driven
by an electric field, DNA molecules travel
through alternating thick and thin regions and
repeatedly change their conformation. This
conformation change costs entropic free en-
ergy, so DNA molecules are temporarily
trapped at the entrance of the thin regions.
The entropic trapping limits the overall mo-
bility of DNA molecules in the channel, and
the mobility of DNA becomes length-depen-
dent. Interestingly, longer DNA molecules
actually have higher mobility in this channel
(13). In the escape of a DNA molecule from
an entropic trap, only the part of the molecule
that is in contact with the boundary of the thin
region plays a crucial role. Whenever a suf-
ficient number of DNA monomers are intro-
duced into the high-field thin region (by
Brownian motion), the escape of the whole
molecule is initiated (14). Longer DNA mol-
ecules, with larger Ro, have a larger surface
area in contact with the boundary and there-
fore have a higher probability to escape per
unit time (due to a higher escape attempt
frequency), which leads to a shorter trapping
time and a higher overall mobility (Fig. 1B).
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Fig. 1. Nanofluidic sep-
aration device with
many entropic traps.
(A) Cross-sectional
schematic diagram of
the device. Electro-
phoresed DNA mole-
cules are trapped
whenever they meet a
thin region, because
their radius of gyra-
tion (Ro) is much larg-
er than the thin region
depth (here, td and ts
are the thick and thin
region depths, respec-
tively). (B) Top view of
the device in opera-
tion. Trapped DNA
molecules eventually
escape, with a proba-
bility of escape pro-
portional to the length
of the slit that the
DNA molecule covers
(wa and wb). Larger
molecules have a
higher escape proba-
bility because they
cover wider regions of
the slit (wb # wa). (C)
Experimental setup.
Reservoirs are made at both ends of the channel and filled with DNA solution.
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separated by entropic barriers to prevent diffu-
sion of DNA from the loading channel to the
collection chamber. Also, these entropic barri-
ers provide a means to control exactly the
amount of DNA being launched. The loading
and collection operation is shown in Fig. 4.
First, a DNA solution with known concentra-
tion is driven into the central collection cham-

ber and toward the cathode reservoir (Fig. 4B).
Then, DNA molecules in the collection cham-
ber are driven into the separation channels by a
low electric field across the channel (Fig. 4C).
The existence of the entropic barrier, isolating
the collection chamber from other regions, en-
sures that only DNA in the central chamber is
collected. After all the DNA molecules in the

collection chamber are collected, the DNA be-
hind the collection chamber is drained to the
loading channel (Fig. 4D). Finally, all the DNA
molecules behind the launching bands are
cleared out, leaving isolated, highly concentrat-
ed bands with a known amount of DNA. This
process can be repeated as desired to yield even
higher concentrations of DNA.

Using this device, we analyzed two dif-
ferent DNA samples simultaneously and
compared the electrophoregrams from each
lane. The separation result in our device of
two standard DNA ladder systems for PFGE
(22) shows distinct bands of DNA in both
samples (Fig. 5A), and the two electrophore-
grams compare well with each other (Fig.
5B). One peak from each sample is brighter
than others for referencing purposes, which
facilitated the peak assignment in our data. In
these data the shortest 1.5-kbp DNA band is
missing, probably because of the low gain of
the intensified charge-coupled device (ICCD)
camera (23). In this run, all of the peaks were
eluted from the separation channel within
about 30 min. The resolution of the 5- to
20-kbp range is better than that of the 20- to
48-kbp range (24).

A conventional slab gel PFGE separation
of the same DNA, obtained after about an
11-hour run, showed resolution similar to our
data. Thus, the separation speed of our sys-
tem is an order of magnitude faster than that
of slab gel PFGE. The resolution and speed of
our device are comparable to those in recent
dc capillary electrophoresis experiments (25).
However, our device is only 1.5 cm long, and
it is possible to achieve better separation
through longer channels. Electrophoregrams

Fig. 4. Design of a separation system for simultaneous analysis of two
samples. (A) Diagram for the loading zone. Two DNA samples are
loaded into the central collection chamber independently from the
loading reservoirs. Entropic barriers between the chamber and the
channels leading to the loading and cathode reservoirs prevent dif-
fusion of DNA into and out of the collection chamber. The numbers
shown above are structural periods (in micrometers) of the channel.
(B) With negative potentials in loading reservoirs, DNA is fed into the
loading zone. (C) Collection of DNA. Excess DNA is trapped at the
entropic barrier, and only DNA in the collection chamber is driven to the launching line. (D) With positive potential in the loading reservoir, excess
DNA that is trapped is flushed back into the loading reservoir. (E) DNA collected at the first entropic trap of each channel, ready for launching.

Fig. 5. (A) Simultaneous
separation of the Mono
Cut Mix sample (black
line) and 5-kbp ladder
sample (gray line) by the
entropic trap array, run at
80 V/cm. The channel has
75-nm thin regions and
1.8-!m thick regions; the
channel period is 4 !m
and the length is 15 mm.
Peak assignment for the
Mono Cut Mix sample: (a)
48,502 bp, (b) 38,416 bp,
(c) 33,498 bp, (d) 29,946
bp, (e) 24,508/23,994 bp
(reference band), (f)
17,053 bp, (g) 15,004 bp,
(h) 10,086 bp. For the 5-kbp ladder sample, the
10-kbp peak is the reference peak and brighter
than the others. (B) Location of the peaks
plotted against DNA length. Peak positions
from both samples nicely fall into a single
curve.
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The channels were fabricated using pho-
tolithography and etching techniques on a Si
substrate (15). Fluorescently labeled DNA
solutions (16) were loaded into the reser-
voirs, then introduced into the channel by
electrophoresis (Fig. 1C). The motion of in-
dividual DNA molecules as well as DNA
bands were observed with optical microscopy
(17). Several different dsDNA samples, rang-
ing from 5 to 164 kbp, were separated and
analyzed in this experiment.

A useful separation device must have an
effective sample collection and launching sys-
tem as well as a good separation mechanism.
The entropic trap system could be used as an
effective DNA focusing and launching system
(Fig. 2). Band launching can be easily achieved
in this device by controlling the electric field.
At very low electric fields, DNA molecules are
trapped indefinitely. In this condition DNA
molecules from the solution enter the device
and pile up at the first entropic barrier of the
channel, forming a high-density band (Fig. 2A).
The amount of DNA in a band was controlled
by changing the collection time. The typical
width of the initial DNA band was 10 to 50 !m.
After collection, the band was launched by
suddenly increasing the applied voltage to a
higher value. DNA molecules escaped the first
barrier and traveled through the channel as a
narrow and well-defined band (Fig. 2B). As
they migrated, DNA molecules with different
lengths eluted as individual bands because of
the mobility differences caused by the size-
dependent entropic trapping. DNA molecules
were allowed to travel the whole length of the
channel, and the arrival of DNA molecules at
the other end of the channel was recorded as
video data (Fig. 2C). The band separation of
different DNA molecules was analyzed by
measuring the averaged fluorescence intensity
of a region at the end of the channel (18).
Individual DNA molecules, as well as their size
and conformation, could be resolved in the
video, which provided additional information
for peak assignments.

We separated a mixture of T2 (164 kbp) and
T7 (37.9 kbp) DNA, which formed separate
bands (Fig. 3). Video data verified that the first

band is composed of larger T2 DNA and the
second band is composed of smaller T7 DNA.
In this run, the separation took about 15 min,
and thus was about two orders of magnitude
faster than conventional slab gel PFGE (typi-
cally 12 to 24 hours). As the electric field was
increased, the entropic trapping effect became
negligible (13, 14) and separation was not
achieved (28 V/cm, Fig. 3).

The efficiency of a molecular separation
system is usually characterized by the theoret-
ical plate number N (19). Typical N values for
this channel are 103 to 104 (106 to 107 plates/
m), depending on the electric field. The N val-
ues at 24.5 V/cm are larger than at 21.0 V/cm,
which means that peak dispersion is increased
at lower voltages (20). However, the separation
resolution between two peaks at 21.0 V/cm is
better than at 24.5 V/cm (1.95 versus 0.89). The
resolution of separation is given as Rs " (#V/
V )$N/16, where #V/V is the fractional band
velocity difference between two peaks. In our
case, #V/V is greatly increased with a lower
electric field because entropic trapping effects
dominate the DNA migration at lower electric
fields and enhance mobility differences be-
tween DNA lengths. The better separation res-
olution at lower electric fields is the result of
increased selectivity (represented by #V/V ),
which wins out over the additional band broad-
ening (represented by N ) caused by increased

trapping. There is also a trade-off between the
resolution and the speed of the separation; with
a lower electric field, more highly resolved
separation can be obtained but the speed of
separation is drastically decreased.

In slab gel electrophoresis, the presence of
too many or too few DNA molecules can
cause problems. We varied the amount of
DNA in a launched band by changing the
collection time of the DNA at the same col-
lection voltage. Higher concentrations of
DNA in a band increased the overall band
mobility, but this shift was reasonably small
(about 5 to 7% for an approximate fivefold
concentration change). In addition, the con-
centration change did not seem to affect the
separation capability (21), although higher
concentration resulted in slightly wider bands
in the final electrophoregram.

In many DNA analyses, multiple samples
are electrophoresed simultaneously so that
bands from an unknown sample can be com-
pared to the bands from a well-known sample
(DNA ladder). This strategy is effective in cal-
ibrating individual electrophoresis runs. To re-
alize parallel sample analysis, we designed and
fabricated a device that has two separate lanes
with the same sieving structure (Fig. 4A), in
which two samples could be loaded indepen-
dently and then collected and launched at the
same time. The central collection chamber is

Fig. 2. Band launching and analysis of bands. The channel has 90-nm
thin regions and 2.7-!m thick regions. The period of the channel
structure is 10 !m. The device was filled with buffer solution. The
connected reservoir had a DNA concentration of 0.3 !g/ml. (A)
Collection of T2-T7 DNA mixture at the first entropic barrier. DNA
molecules were collected by applying 7.1 V/cm from the DNA solu-

tion reservoir. (B) Migrating DNA band immediately after being
launched by 35.6 V/cm. (C) Schematic diagram for launching and data
analysis. The arrival of DNA molecules was monitored at the other
end of the channel. A rectangular region of interest was defined, and
the fluorescence signal from this area was summed.

Fig. 3. Electric field de-
pendence of the separa-
tion. T2-T7 DNA mixture
is separated through a
channel with 90-nm thin
regions, 650-nm thick re-
gions, and 4-!m channel
period. At 21.0 V/cm
(gray line), the theoretical
plate number (N) was
4900 for the T2 peak and
970 for the T7 peak, and
the resolution was 1.95.
At 24.5 V/cm (black line),
N " 8500 for the T2 peak
and 3400 for the T7 peak,
and the resolution was
0.89. At 28.0 V/cm, no
separation was achieved (broken line).
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Stochastic and Deterministic Vector Chromatography of Suspended Particles
in One-Dimensional Periodic Potentials

Jorge A. Bernate* and German Drazer†

Department of Chemical and Biomolecular Engineering, Johns Hopkins University, Baltimore, Maryland 21218, USA
(Received 12 October 2011; published 21 May 2012)

We present a comprehensive description of vector chromatography (VC) that includes deterministic and

stochastic transport in one-dimensional periodic free-energy landscapes, with both energetic and entropic

contributions, and identifies the parameters governing the deflection angle. We also investigate the de-

pendence of the deflection angle on the shape of the free-energy landscape by varying the width of the

linear transitions in an otherwise dichotomous potential. Finally, we present experimental results obtained

in a microfluidic system in which gravity drives the suspended particles and, in combination with a bottom

surface patterned with shallow rectangular grooves, creates a periodic landscape of (potential) energy

barriers. The experiments validate the model and demonstrate that a simple, passive microdevice can lead

to VC of colloidal particles based on both size and density. More generally, other fields, e.g., electric,

dielectrophoretic, or magnetic, can play or enhance the role of gravity, potentially leading to a versatile

technique.

DOI: 10.1103/PhysRevLett.108.214501 PACS numbers: 47.61.Jd, 05.10.Gg, 05.40.!a

Micro- and nanofluidic systems for chemical and bio-
logical separation have shown great promise and opened
the door for exciting new technologies. A number of
separation systems based on driving suspended particles
through a periodic stationary phase, for example, take
advantage of the unprecedented control on the geometry
and chemistry provided by available fabrication tech-
niques. Driving suspended particles in one-dimensional
(1D) periodic devices has been shown to lead to separation
in a number of systems, ranging from entropic trap arrays
[1] to ratchets based on asymmetric structures [2]. In
addition, the 1D transport of particles past periodic entropy
barriers and, to a lesser extent, energy barriers has received
considerable attention, and rigorous results are available
for the effective mobility of single particles [3–13]. Two-
dimensional separation methods, in which different species
in a sample migrate in different directions, enabling their
continuous fractionation and, in general, providing greater
selectivity than 1D techniques, have also been developed
based on periodic stationary media and have been catego-
rized as vector chromatography (VC) [14]. Notably, VC
can be obtained in planar devices via a straightforward
extension of the aforementioned 1D methods by driving
the particles at an oblique angle with respect to the periodic
direction, thus providing passive transport in the invariant
direction. A representation of such systems is given in
Fig. 1, including the case investigated in recent experi-
ments in which suspended particles are driven through
force fields that are periodic in one of the directions of
the separation plane and invariant in the other [15–17].
Although a case-by-case analysis in the deterministic limit
provided good agreement with these experiments, a
general description is lacking. In this Letter, we present a
comprehensive description of planar VC in terms of the 1D

periodic free energy of the system, including energetic and
entropic contributions, that captures the deterministic and
Brownian limits. This unified description highlights the
key parameters governing the migration angle of different
species and their relevance to the design and optimization
of fractionation devices. We also performed experiments in
a microfluidic system in which gravity drives the particles
and also, in combination with a patterned bottom surface,
creates a periodic landscape of potential energy barriers.
The experiments agree well with the theory, exhibit several
of the qualitative features predicted by the model, show the
separation capability of the device, and introduce a poten-
tially versatile strategy for VC.
Consider the motion of noninteracting Brownian parti-

cles through a potential energy landscape Vðx; zÞ (periodic
in x and invariant in y—see Fig. 1), and driven by a
constant external force F [oriented at an angle !F ¼
arctanðFy=FxÞ], with any vertical component conveniently
incorporated into the potential V. The asymptotic distribu-
tion of particles in a unit cell is given by the steady-state

FIG. 1. Particle driven by a constant external force F in a
fluidic device. The bottom surface, periodic in x and invariant in
y, represents either the applied potential Vðx; zÞ at a given height
z or the topography of the bottom wall. The forcing angle !F, the
average velocity !U, the migration angle !, and the deflection
angle "! are shown.
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are independent of temperature, and thus increasing the
temperature reduces the partition ratio and the deflection
angle, which corresponds to a system moving down along
vertical lines of constant f in Fig. 4, as shown.

We also performed experiments in a microfluidic system
in which suspended particles [silica (SiO2) particles of 4.32
and 2:14 !m diameter and polystyrene (PS) particles of
4:31 !m diameter] are driven over a periodic array of
parallel grooves etched in glass. (The shallow grooves
are !H ¼ 65 nm deep and 13 !m wide. ‘x ¼ 20 !m.)
The separation between the channel walls is large enough
to neglect confinement effects. Gravity induces periodic
energy barriers due to the presence of the grooves and also
drives the particles (the bottom surface is tilted at an angle
"t). The gravity-induced partition ratio for a particle of
radius a is given by K ¼ expð4=3#a3!$g cos"t!H =
kBTÞ, where !$ is the buoyant density of the particles
and g is the acceleration due to gravity [13]. In a horizontal
device, the partition ratio of the 4:32 !m silica particles
is at least 2 orders of magnitude larger than that for
either the smaller silica or the lighter polystyrene particles.
Thus, at small tilt angles, the 4:32 !m silica particles
should experience much larger deflections than the other
particles, which would demonstrate that it is possible to
fractionate particles by size or density. In Fig. 5, we
show the measured deflection angle (for "F ¼ 45$) as a
function of the tilt angle (note that, unlike Pe and f, "t is
common to all particles in a given experiment). The thick
solid line corresponds to the LTD potential, with % calcu-
lated from the best fit to the experimental data and repre-
senting an effective transition region in the interaction
between a suspended particle and the bottom grooves.
We obtain good agreement for the 4:32 !m silica particles
with % ¼ 0:10% 0:01 (2:0% 0:2 !m), which compares

well with an order-of-magnitude estimate %zoi ¼
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðaþ heÞð!H þ &'1Þ

q
¼ 1:4 !m obtained by extend-

ing the concept of a zone of influence [30] for a particle
suspended at its equilibrium separation from the wall
(he ¼ 259 nm) and in the vicinity of a step [20]. The
good agreement between the experiments and the analysis
based on the FJ approximation, even at relatively large Pe,
results from the narrow confinement of the particles by the
effective particle-wall interaction potential, which consid-
erably reduces the diffusive equilibration time in the cross
section [20]. In Fig. 5, we also compare the results with the
deterministic curve for the LTD potential with the same
% ¼ 0:10 (thin solid line). The clear deviation from experi-
ments for f ( 1 highlights the role of Brownian motion
reducing the deflection angle. The theoretical curves for
2:14 !m silica and 4:31 !m polystyrene particles are
insensitive to the width of the transition region, with dif-
ferences smaller than 2:5$, and the data are compared to
SW potentials, with good agreement. In these latter cases,
the particles easily overcome the energy barriers due to
thermal fluctuations, significantly reducing confinement
effects and leading to small deflection angles.
We presented a unified description of planar vector

chromatography in terms of the 1D periodic free energy
of the system, including both energetic and entropic con-
tributions, that encompasses the deterministic and stochas-
tic limits. This description highlights the key parameters
governing the migration angle of different species. We
performed experiments in which gravity, along with a
bottom surface patterned with slanted periodic grooves,
can be used to separate particles according to their mass,
in agreement with our analysis. More generally, other

FIG. 4 (color online). Deflection angle as a function of the
normalized force for the LTD potential for different partition
ratios. The arrow traverses curves of increasing partition ratio.
'1 ¼ '2 ¼ 0:4. % ¼ 0:1. The dashed curve corresponds to the
deterministic limit. a ! b (a ! c) represents the evolution of a
purely entropic (energetic) system upon a temperature increase.

FIG. 5 (color online). Deflection angle as a function of the tilt
angle. The solid symbols correspond to the experimental data as
indicated. The dashed and dotted lines correspond to the SW
potential. The solid curves correspond to a fit with a LTD
potential using the width of the transition region as a fitting
parameter (% ¼ 0:10). See the Supplemental Material for the
standard deviations and for a video showing a representative
experiment with 4:32 !m silica particles [20].
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  158 CHAPTER 9. DIELECTROPHORESIS
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Figure 9.1: Sketch supporting the heuristic argument for the direction of the electric dipole
moment p induced in a dielectric sphere with dielectric constant ≤2 by the inhomogeneous
electrical field E. The sphere is placed in a dielectric fluid with dielectric constant ≤1
and the dielectric force acting on the sphere is denoted Fdip. (a1) The particle is more
polarizable than the fluid, i.e., ≤2 > ≤1. Here the fluid could be vacuum. (b1) The particle
is less polarizable than the fluid, i.e., ≤2 < ≤1. (a2) and (b2) The eÆective charges and
directions of p and Fdip corresponding to (a1) and (b1), respectively.

In Fig. 9.1(b1), the situation is reversed. Now the the medium (dark gray) has the
larger dielectric constant ≤1 and many polarization charges at its surfaces, while the sphere
(light gray) has the smaller dielectric constant ≤2 < ≤1 and fewer polarization charges.

In Fig. 9.1(a2) and (b2) only the un-paired surface charges of panel (a1) and (b1) are
shown, which makes it easy to draw the direction of the dipole moment p of the dielectric
sphere. Since by construction the gradient of the electric field points to the region with
highest density of electrical field lines, i.e., to the left, it is also easy by use of Eq. (9.3) to
deduce the direction of the dielectric force Fdip.

For ≤1 < ≤2 the dielectric force pulls the dielectric particle towards the region of strong
E-field (to the left), while for ≤1 > ≤2 the particle is pushed away from this region (towards
the right).

9.2 A point dipole in a dielectric fluid

The first step in our more rigorous analysis is to determine the electrical potential ¡dip(r)
arising from a point dipole p = qd placed at the center of the coordinate system in a

ϵ! > ϵ! 
 

ϵ! < ϵ! 
 

!!"# = 2!!!!ϵ!
ϵ! − ϵ!
ϵ! + 2ϵ!

∇!! 

-  Momento dipolar de la esfera es proporcional al campo E 
-  Fuerza actuando en un dipolo depende de la diferencia el campo eléctrico, ΔE  

Importante: Relaciones equivalentes se obtienen con campos alternos 
Pero la relación de permitividades depende de la frecuencia y puede cambiar de signo	
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! = ! ϵ!
ϵ! − ϵ!
ϵ! + 2ϵ!

 !!"# = 2!!!!ϵ!
ϵ! − ϵ!
ϵ! + 2ϵ!

∇!! 

Videos	
  de	
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  on	
  a	
  chip	
  en	
  youtube	
  


