AMERICAN
JOURNAL

ﬁ:(‘,mu'.'!: (}J‘PHYS]CS
e S R

Variational method for two-electron atoms
M. K. Srivastava and R. K. Bhaduri

Citation: American Journal of Physics 45, 462 (1977); doi: 10.1119/1.10820

View online: http://dx.doi.org/10.1119/1.10820

View Table of Contents: http://scitation.aip.org/content/aapt/journal/ajp/45/5?ver=pdfcov
Published by the American Association of Physics Teachers

Articles you may be interested in
Variational method for two-electron atoms
J. Chem. Phys. 91, 5129 (1989); 10.1063/1.457611

Variational perturbation theory investigations on two-electron atomic systems. lll. Nonrelativistic results for
the state 1s 2s 3 S
J. Chem. Phys. 60, 3403 (1974); 10.1063/1.1681551

Variational Wavefunctions and Energies for L=2 and L=3 States of Two-Electron Atoms
J. Chem. Phys. 54, 2657 (1971); 10.1063/1.1675228

Variational Perturbation Theory Study of Some Excited States of Two-Electron Atoms
J. Chem. Phys. 52, 3324 (1970); 10.1063/1.1673492

Variational Calculations of Some S States in Two-Electron Atoms
J. Chem. Phys. 39, 687 (1963); 10.1063/1.1734308

Explore the AAPT Career Center -
access hundreds of physics education and

other STEM teaching jobs at two-year and
four-year colleges and universities.

%#EI
http://jobs.aapt.org Eﬁ



http://scitation.aip.org/content/aapt/journal/ajp?ver=pdfcov
http://jobs.aapt.org/
http://scitation.aip.org/search?value1=M.+K.+Srivastava&option1=author
http://scitation.aip.org/search?value1=R.+K.+Bhaduri&option1=author
http://scitation.aip.org/content/aapt/journal/ajp?ver=pdfcov
http://dx.doi.org/10.1119/1.10820
http://scitation.aip.org/content/aapt/journal/ajp/45/5?ver=pdfcov
http://scitation.aip.org/content/aapt?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/91/8/10.1063/1.457611?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/60/9/10.1063/1.1681551?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/60/9/10.1063/1.1681551?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/54/6/10.1063/1.1675228?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/52/7/10.1063/1.1673492?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/39/3/10.1063/1.1734308?ver=pdfcov

Variational method for two-electron atoms*

M. K. Srivastava’ and R. K. Bhaduri

Physics Department, McMaster University, Hamilton, Ontario L8S 4M1, Canada

(Received 17 ‘August 1976; revised 13 October 1976)

A simple two-parameter trial wave function for the helium atom and helium-like ions is
proposed on physical grounds. A variational calculation for the ground-state energy yields a
much better result than the usual one-parameter example given in textbooks.

I. INTRODUCTION

Most courses in quantum mechanics in senior under-
graduate and first year graduate classes include the varia-
tional method for obtaining an upper limit to the ground-
state energy of a quantum-mechanical system. The appli-
cation of the method to the helium atom with only one pa-
rameter-in the trial wave function serves as a simple and
useful illustration in most texts.! More elaborate variational
calculations,?? involving many variational parameters, yield
very accurate estimates of the ground-state energy. In this
paper we show that on physical grounds a simple two-pa-
rameter trial wave-function for the helium problem can be
constructed which yields a much better estimate of the
energy than the one-parameter calculation.

In the textbook example of the problem, the trial wave
function for the ground state is taken as a product of two
normalized hydrogenic 1s wave functions,

Y(ri,r2) = (a¥/map’) exp[—a(ri + ra)/ao), (1)

with « as the variational parameter. Here r; and r; are the
position vectors of the two electrons with respect to the
nucleus as the origin, and ag = h2/me? is the radius of the
first Bohr orbit in hydrogen. The singlet spin part of the
wave function need not be considered since the Hamiltonian
is taken to be spin independent. The parameter « is inter-
preted as an effective nuclear charge as seen by the elec-
trons. Its optimum value, obtained by minimizing the ex-
pectation value of the Hamiltonian, is found to be 27/16
(<?2) for the helium atom, which is reasonable since each
electron is partially screened from seeing the full charge of
the nucleus due to the presence of the other electron. Note
that in Eq. (1) the coordinates of the two electrons enter the
wave function with equal weight. We now propose a mod-
ified trial wave function based on the following reasoning.
For those electronic configurations of the system in which
the two electrons are at unequal distances from the nucleus,
the outer electron should experience a smaller effective
charge than the inner one. This would suggest introducing
an additional parameter s (<1) in a trial wave function of
the following form:

Y(ry,12) = Nexp[—a(sr> + ro)/ao). ri#rx (2)

where rs = r|, r< = ry if ry > r,, and vice versa. Note
that

srstre=[(s+1)/2) (ry +12)
+ (s —1D)/21ri—raf, (3)

so for the special case when r; = r,,
Y(ri,r2) = Nexp[—a(s + 1)(r1 + r2)/2a0).  (4)

Although the trial wave function (2) contains two varia-
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tional parameters « and s, the calculation of the normal-
izing constant N and the expectation value of the Hamil-
tonian is simple because of the exponential nature of the
wave function. Note also that the present choice of the wave
function preserves the symmetry between the coordinates
r; and r, of the two electrons.

In Sec. I, a variational calculation for two-electron
atomic systems will be done with the trial wave function (2).
The calculation is simple enough for classroom presentation
and reduces to the standard one-parameter form with s =
1. The improvement in the results for helium and helium-
like ions is discussed in Sec. III.

II. VARIATIONAL CALCULATION

The Hamiltonian of the helium atom, ignoring nuclear
motion, spin-orbit coupling, and relativistic effects is

h2 1,1 e’
H=-"2(v2+ V) - ze? <—+—) +£5 (5
2m r rs r2
where ry; = |r; — r,| is the distance between the two elec-
trons, and Ze is the nuclear charge. For helium Z = 2, but
it takes other integral values for helium-like ions.
In calculating the expectation value of H with the trial
wave function (2), one should split up the integral range in
the following way:

fwdrlfmdr;l:fmdr] f”drz
0 0 0 0
+fmdr| fmdrz,
0 r

It is then quite straightforward to evaluate the different
terms, and we shall only quote the final results. The nor-
malizing constant VN is determined from the equation

N-2= ‘ff |\,b(r1,r2)|2dr] dl'z

_ m2a®[2(10s2 + 55 + 1)]
abs3(s + 1)3 © (6

The expectation value of the Hamiltonian is
(HY = (T} +(T2) + (V1) + (V2) + (Vi2), (T)

where

(T1) = —(h?/2m) f [ V) dr

= (h2/2m) f { 19ee)|2dry dr,
= [(s2 + 1)/4]o2(e?ag), (8)
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viy==ze? [ f e 1/rver) dr dr;
= —Z[(s + 1)/2]a(e¥ac). (9)
and
Vi) =e [ [ o) dr dr;
= [s(s+ 1)(4s + 1)/(10s2 + 55 + )] a(e?/ag). (10)

r

In the above, we have expanded 1/ry; in spherical har-
monics' and performed the integration over the polar angles
to obtain (10). The expectation values (T,) and (V>) are
respectively equal to (7';) and (V) by symmetry. The
expectation value of the Hamiltonian is therefore given
by

2 2 2

Maz"__z(“L l)ai-
2 agp ap

ss+ Dds+1) e

23
10s2 4+ 5s + 1 ag

(H) =

=s2;- 1 o2
_ s+ D[I0Z —4)s2+ (52— 1)s + Z] o
1052+ 5s + 1
= E(a,s), (1

in atomic units of e2/ay. For s = 1, this reduces to the result
given in Schiff':

E(@)=02-(2Z - %) a. (12)

. The estimate for the ground-state energy Eg is obtained as
usual by minimizing E(a,s) of Eq. (11) with respect to the
two parameters « and s. Some further simplification may,
however, be done analytically. Note that in Eq. (11) the first
term represents the kinetic and the second the potential
energy of the system. Application of the variational con-
dition

—a—E(a,s) =0

o« [490]

Table I. Ground-state energy2 of helium-like atomic syétems.

One-

Two-  parameter Present calculation® Best
electron calculationb estimated
system -E, a, Sy -E, of —F,
H™ 0.473 0.9144 0.4598 0.506 0.528
He 2.848 1.8560 0.8172 2.873 2.904
Lit 7.223 2.8477 0.8872 7.246 7.280
Be?* 13.598 3.8443 0.9183 13.621 13.656

3 The energy is given in atomic units, rounded off to the third
decimal place.

b With trial wave function given by Eq. (1).

€ The optimum values of «, and s, that minimize F(a,s) of Eq.
(11) are shown.

d From Ref. 4.
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leads to

ap=(s+ 1)[(10Z —4)s2+ (5Z — 1)s + Z]
X [(s2+ 1)(10s?+ 55+ D]7L (13)

From Egs. (13) and (11), it may be seen that the magnitude
of the potential energy is just twice that of the kinetic energy
of the system, which is the statement of the virial theorem
for Coulomb force. Substituting the optimum ag from Eq.
(13) in Eq. (11), the energy of the system may now be ex-
pressed in terms of the single parameter s:

E(s) = —(s + 1)2[(10Z — 4)s2 + (5Z — 1)s + Z]?
X [2(s2+ 1)(10s2 + 55 + 1)2]=". (14)

This expression is minimum for some optimum s = s,
yielding the ground-state upper bound E for the energy.
This may be obtained for a given Z by plotting the function
E(s) as a function of s, or by finding the real root s¢ of the
fifth-order algebraic equation dE/ds = 0 in the comput-
er.

III. RESULTS

In Table I we display the numerical results for the first
four members of the helium isoelectronic sequence. For
comparison, we also show in the table the results of the
one-parameter variational calculation when s = 1, and also
the best available results* from extensive variational cal-
culations. The present choice of the trial wave function
makes the most improvement in H™, which was unbound
in the one-parameter calculation and is now bound. As the
atomic number increases, the Coulomb field of the nucleus
as seen by an electron is less sensitive to the position of the
other electron, and the parameter s approaches unity. While
it is not surprising that a two-parameter variational cal-
culation yields better results than a one-parameter one, it
is gratifying to show that the improved calculation can be
done almost as easily. :

Finally, we note that the trial wave function (2), when
written in the form

W) =Nexp[—s+ ' am]
2 ap

X exp [_s__; I a—lr";”'],

may be looked upon as a generalization of the Hylleraas-like
function

¥ =Nexp [—a’(ri + r2)/ac)(1 + c|ry = raf), (15)

where o’ and ¢ are the two variational parameters. How-
ever, the two-parameter Hylleraas trial wave function is not
the same as Eq. (15), since it is given by?

‘pHyIlcraas =N exp ["0('()‘1 + rZ)/aO]
X (1 +c|ry=r). (16)

Our simple wave function (2) does not contain any angular
correlations and therefore cannot account for much of the
correlation energy.
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