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Exchange-hole dipole moment and the dispersion interaction
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A simple model is presented in which the instantaneous dipole moment of the exchange hole is used
to generate a dispersion interaction between nonoverlapping systems. The model is easy to
implement, requiring no electron correlati@n the usual senger time dependence, and has been
tested on various atomic and molecular pairs. The resul@ggdispersion coefficients are
remarkably accurate. @005 American Institute of PhysidDOI: 10.1063/1.1884601

I. INTRODUCTION very demanding, however, and must be performed with care.
) ) ) ) Methods able to produc€g coefficients ofreasonable
The classical explanation of the dispersion or van de'huality, without the demands of the highly accurate ap-

Waals interaction between chemically inert systems is fam'l'proaches, are widely useful. Here we present such a method.

iar even to introductory chemistry students. Given two inerti; i pased on a novel answer to the question posed at the
or widely separated systems, anstantaneousdipole o set How do instantaneous dipole moments arise in a

moment on one systerimducesa dipole moment on the quantum system? We propose tisaherical asymmetrieis
other. The attraction between these moments results in e exchange holare the source.

interaction which, in the limit of large separatiéf has the

behavior
II. THE PRESENT MODEL

C
Edisp= ~ 52, (1) Consider an electron af spin in an atomic or molecular
system. As it moves through the system it is accompanied by
whereC; is a constant whose value depends on the systermranexchanger Fermi holewhose shape depends on the elec-
involved. This picture begs the obvious question. How dotron’s instantaneous position. The hole is given by the
“instantaneous” dipole moments arise in systems which magxpression
otherwise have a zero permanent dipole moment? How, for

. . . : 1
example, do instantaneous dipole moments originate in a hy,(ry,ry) =- ——2, Bio(r) o) (1) 4(r2)
noble gas atom? Po(r) ]
The usual quantum mechanical approach is complicated (4)

(we recommend Ref. 1 for a nice treatmeilectron corre- ) )

lation invokes the mixing oxcitedstates with the ground Wherer, defines the shape of the hole andis called the
state, creating virtual or “transition” dipole moments that in- réference” point. Summation is over all orbitals ofspin
teract with each other. Second-order perturbation theory anfiartree—Fock or Kohn—Sham, and assumed in this paper to

additional approximatiorisgive the famous London formula P€ réal and p, is the total o-spin electron density. The
(in atomic unit for the dispersion energy between two g—spln exchange enerdyy, is related to the exchange hole

systemsA andB, y
1 hy(rq,r
E..= _:_3 ﬂ M (2) EX(J': - pU(rl)Md3r2d3r1. (5)
dise™ o\, +15) RO’ 2 M2
A B

which conveniently depends on properties, the ionization en-—rhIS simple deconstruction of the exchange energy of a

ergy | and polarizability, that are experimentally acces- Slater determinant has great conceptual p8\m¢nch will be

sible. The London formula is instructive for understandinge)(pl_(l_);:ed prﬁsently.h le definit bl ienalizeth
trends but is prone to large errors. Correlaggdinitio cal- i € ?XC lfa_nge- ole definition ena des u?]/mmalz\e/\t/he
culations of high quality can produce accurate dispersion en® ects of sefl-interaction correction and exchange. When an

ergy curvedbut are very demanding and provide little physi- €/€Ctron is aty, the hole measures the depletion of probabil-
cal insight. Also, a rigorous expression f@ involving ity (with respect to the total electron densjy of finding

frequency dependent polarizabilityiw) is known® another same-spin electron gt The probability of finding
another same-spin electron af=r; is completely extin-

Co=2 J " i) agliw)do, (3 9uished,
o hXo’(rl!rl) == po’(rl)v (6)

which can be used to compute accur@evalues from time-  as required by the Pauli exclusion principle. The hole is al-
dependent electronic structure calculatidighese are also ways negative, as can be seen by rewriting @g.as
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1
po’(rl)

and the hole always contains exactiginug one electron:  and we obtain the following formula for the total dipole-
dipole interaction energy:

hyo(r1,r)d%r, == 1. (8
J xa\l'1:12)07T2 UdAi%-dip: - 2d3) /RO, (15)

hxo(r1,rp) ==

[2 Do) io(r2) 1P (7 <d)2(>A:fpa(rl)df(a(rl)d3rl+fpﬁ(rl)diﬁ(rl)dsrly (14

This is easy to prove from Eg4) and the orthonormality of The same derivation with system#s and B interchanged
the orbitals ;,. Equation(8) guarantees that the electron gives
plus its holealways hasero chargeoverall.

The hole is not, in general, spherically symmetric around ~ Ugh.4ip = = 20dR)san/RE, (16)
r. Only in a uniform electron gas does it have spherical

symmetry. Even in systems with spherically symmetric denWhich is not, unfortunately, the same as Etp). For unlike

sities, the hole is aspherical unlessis at the center of the SYStéms our model lacks-B symmetry. An appropriate av-

system. Thus the electron plus its Fermi hole, though of zer§"@ding of Eqs(15) and (16) will be suggested below. For
charge overall, generally hasianzero dipole momen®ince like systems, however, there is no ambiguity and the dipole-

the exchange energy, E€B), senses only the spherical aver- diPOl€ intéraction energy is

age of the hole around each a nonzero d|pqlg moment has dip-ip= — 2<d§<>a/R6. (17)

no effect on the energy of the system containing the electron.

Might the asphericity of the hole be the source, however, ofnitial tests of Eq.(17) on various atomic dimer&computa-

the instantaneous dipole moment responsible for the dispetion of (di) is described in the following sectipigave inter-

sion interaction withother systems? esting results. Despite the simplicity of the underlying
Consider a second systefB) at positionR relative to  model, Eq.(17) reproduces knowi€s values with remark-

the first(A) and assume that the distarReés large compared able accuracy if divided by a factor of 4. An incorrect pref-

to the sizes ofA and B. The instantaneous dipole moment actor is not surprising. Our model takes dipole-dipole poten-

dx,(ry) of the exchange hole plus its electron at paipin  tial energy into account, but not kinetic enefgyr charge

systemA generates an electric field rearrangemefiteffects. These, especially the latter, are very
3(dy, -RR d difficult to model. That Eq(17) doeswork well with a modi-
= X‘;T —%’ (9 fied prefactor is, in our opinion, fascinating. We therefore

take a heuristic approadfor now) and propose the formula

at positionR. If systemB has polarizabilityxg, then a dipole

_1,2
moment of value Ce = 3(dp)a (18)

ding= agE (10)  for like-system interactions.
o . o ) For unlike systems a suitable average of Ed$) and
is induced inB. The electrostatic interaction between these(16) needs to be taken with, in light of the above, prefactors
dipoles has energy, divided by 4. Straightforward algebraic averaging is unsuc-

dy, - ding  3(dy, - R)(ding - R) cessful. Geometric averaging also fails. Recognizing that
Vip-dip = RB RS ' 1y successful combination formulas in the literat¢eey., Lon-
don formula or Slater—Kirkwood formLﬁ}afeature a sum of
which, after substituting Eq$10) and (9), becomes some property oA andB in adivisor, we propose averaging
@ 3(dy,-R)? inversesas follows:
Vdip-dip = ~ GB{%T %} : (12) s 1 1
—~— =T B (19
The orientation averagedsotropic interactiori.e., averaged Ce Cs GCg

over all orientations ofly,,) is obtained by integrating over

angles as follows: which, after insertingCg coefficients divided by 4 from Egs.

(15 and(16), gives

27w 2 2
o dy, 3dy, .
Viindip=— ﬁfo fo (% + Ré co§1‘}) sindddde _ (a(dR)panas
° <d)2(>AaB + <d§(>BaA.
2df<gaB

:‘T, (13 If this heuristic approach is unsatisfying, EQ0) can be
derived by strong theoretical arguments as well. There are
whered and ¢ are polar angles with respect to the directionconnections between the formulas of this section and the
R. The resultingvg};)g_dip thus depends on the magnitude second-order perturbation theory of the dispersion interac-
squared,d)z(o(rl), of the exchange-hole dipole moment at tion. We draw these connections in the Appendix rather than

(20)

eachbody centeredeference point, in systemA. digressing now. In the following section, E@O) is applied
Now integrate overr; in systemA and overa and 8 without further ado to a wide variety of atomic and molecu-
spins as well. Denaoting this integral bgif(), we have lar, like and unlike, interactions.

Downloaded 18 Apr 2012 to 157.92.4.76. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



154104-3 Exchange-hole dipole moment J. Chem. Phys. 122, 154104 (2005)

TABLE I. CalculatedCg coefficients for atomic pairs, in atomic units. TABLE II. Isotropic Cg coefficients for molecular pairs, in atomic units.
Atoms CalculatedCg LiteratureCg? Molecules Calculate€y LiteratureCg?
He—He 1.64 1.47 H,—H, 14.01 12.11
He—Ne 3.09 3.13 No—N, 66.62 73.39
He-Ar 9.81 9.82 CH,—CH, 115.3 129.6
He—Kr 14.08 13.6 CH,~CO, 128.7 142.6
He—Xe 20.91 18.3 CO,-CO, 143.7 158.7
Ne—Ne 5.83 6.87 Methane—acetylene 147.5 162.5
Ne—-Ar 18.61 20.7 Acetylene-CQ 164.7 178.2
Ne—Kr 26.72 28.7 Acetylene—acetylene 188.7 204.1
Ne—Xe 39.73 37.8 Acetylene—ethylene 225.3 247.7
Ar—Ar 62.71 67.2 Acetylene—ethane 241.9 278.9
Ar—Kr 90.93 94.3 Ethylene—ethylene 270.1 300.5
Ar—Xe 137.4 129 Acetylene—propylene 320.2 367.6
Kr—Kr 132.1 133 Ethane—ethane 310.6 381.8
Kr—Xe 200.1 184 Acetylene—propane 332.8 395.6
Xe-Xe 304.7 261 Propylene—propylene 548.6 662.8

H-H 6.76 6.49 Propane—propane 589.4 768.1
H-Li 71.64 66.4 b

H-Na 85.76 71.8 MAPE 12.5

H-K 143.2 109 3L iterature values from Refs. 5 and 18.

Li—Li 1528 1390 PMean absolute percent error relative to the literature values.

Li-Na 1683 1450

Li—K 2910 2320 2\ _

Na—Na 1879 1510 (df) = (di,) + (d%p), (21)
Na-K 3230 2410 where

K-K 5567 3890

e 2ar7 26 ()= [ oot e, (22
He—Na 29.53 24.4

He—K 48.88 380 Recall thatdx(,(rl) is the magnitude squared of the dipole
Ne—H 5.69 5.71 moment of the electron plus its exchange hole at reference
Ne-Li 46.51 44.0 point r;. Given a set of occupied orbitalg,,, the dipole
Ne-Na 56.79 417 moment is easily computed by integrating ovein Eq. (4):
Ne-K 94.02 74.9 1

::_E 152;3 21(;2 dX(r(rl) = [pa(rl)% rij(r(vbirr(rl)lr//j(r(rl) — I, (23)
Ar—Na 224.8 189

Ar—-K 373.6 292

Kr—H 29.44 28.5 i = f [ (D (N . (24)
Kr—Li 278.7 259

Kr-Na 336.7 281

Note that the dipole moment of a neutral object is origin

Kr—K 560.0 433 : )
YeH 4514 40.9 mt_jgpe_ndent and we Fherefor_e conveniently use the mo_lecular
XoLi 4465 404 origin in Eq. (23). All integrations, the moment integrations
Xe—Na 5375 438 of Eq. (24) and the integration of Eq22), are performed
Xe—K 895.3 669 numerically'* The cost of computingd2) is negligible com-

) pared to the cost of computing the orbitals themselves.
MAPE 14.0(9.8) Orbitals are obtained in this work from the grid-based
3 jterature values from Ref. 14. NUMOL program of Becke and Dicksdf.We use(spin un-
PMean absolute percent error relative to the literature values. restricted Hartree—Fock orbitals in these first te&S.

;i ; percent error | )
Excluding atomic pairs involving potassium. Hartree—Fock orbitals are preferable to, e.g., local-density

approximation(LDA) or generalized gradient approximation
IIl. COMPUTATIONS AND APPLICATIONS (GGA) Kohn-Sham orbitals because the Fermi-hole dipole
moment is sensitive to orbital behavior at long range. We
The calculation ofCg dlsper5|on coefficients in the therefore avoid the well-known long-range deficiencies of
present model requires ontyly) and & for individual sys-  the LDA and GGA Kohn—-Sham potentials. The dependence
tems. We take polarizability data from tables instead ofof <d2> on orbitals and electron correlation will be explored
computlnga ourselves. Accurate values are readily avail-in greater detail in future work.

able!® This leaves as our only task the computatior{a. In Tables | and Il, we preseri dispersion coefficients
(d3) is a sum of two terms, one for each spin, as inobtained from Eq(18) for like systems and Eq(20) for
Eq. (14): unlike systems for a variety of atomic and molecular pairs.
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TABLE IIl. CalculatedCg coefficients for atomic pairs, in atomic units. TABLE IV. Atomic values of<d§>,(u2>, anda, in atomic units.
Atoms Eq.(20) Cq Eq. (A4) Cq4 LiteratureCg® Atom (d2) (U2 a
He—He 1.64 1.64 1.47 He 2.37 2.37 1.38
He-Ne 3.09 3.61 3.13 Ne 4.36 6.08 2.67
He—Ar 9.81 12.19 9.82 Ar 11.31 16.42 11.09
He—Kr 14.08 17.95 13.6 Kr 15.74 23.64 16.78
He—Xe 20.91 27.87 18.3 Xe 22.30 35.34 27.32
Ne—Ne 5.83 8.12 6.87 H 3.00 3.00 450
Ne—Ar 18.61 26.58 20.7 Li 18.61 18.61 164
Ne—Kr 26.72 39.02 28.7 Na 23.10 24.49 163
Ne-Xe 39.73 60.21 37.8 K 37.98 42.50 293
Ar-Ar 62.71 91.02 67.2
Ar—Kr 90.93 134.3 94.3
Ar-Xe 137.4 209.1 129 Isotropic C4 coefficients for molecule-molecule pairs are
Kr—Kr 132.1 198.4 133 reported in Table Il. We use B3LYH6-31G (2df, p) geom-
Kr—Xe 200.1 309.2 184

etries obtained from theaussianogorogram packag¥’. Our

Xe-Xe 304.7 a82.7 261 calculated values tend to be smaller than accurate literature
H-H 6.76 6.76 6.49 5,18 op
Heli 7164 1164 6.4 values;™ but a reasonably good MAPE of 12.5% is
H-Na 85.76 89.97 718 achieved.Cg's from Eq_. (3) combined with tlme-dependent_
H-K 1432 157.2 109 Hartree—Fock calculations of frequency dependent polariz-
Li—Li 1528 1528 1390 abilities have been reported by Spackrsna’xu'r eight of the
Li-Na 1683 1727 1450 sixteen systems in this set. His results also underestimate
Li-K 2910 3062 2320 accurate values, and their MAPE of 12.6% is similar to the
Na-Na 1879 1992 1510 12.5% obtained from our much simpler time-independent
Na-K 3230 3522 2410 model.
K=K 5567 6230 3890 The present method performs remarkably well given its
:e‘E 22;1-9197 224-9197 ;-282 simplicity. Neither time dependence, nor excited states, are
e : : ' necessary. The instantaneous dipole moment of the exchange
He-Na 29.53 31.16 24.4 hole, and the polarizability of the partner system, is all we
He—K 48.88 54.25 38.0 ' P y P y '
Ne—H 5.69 6.20 571 require.
Ne—Li 46.51 47.38 44.0
Ne-Na 56.79 61.38 47.7 IV. CONCLUSIONS
Ne—K 94.02 106.8 74.9 hi K | ion b
Ar—H 2013 2204 200 This wor proposes an elegant connection between
Ar—Li 185.7 191.7 175 exchangg—hole asphencn_y and the dispersion interaction. If
Ar—Na 224.8 246.4 189 the position dependent dipole moment of the exchange hole
Ar—K 373.6 429.1 292 (plus its electropin a systemA is considered to induce di-
Kr-H 29.44 34.19 28.5 pole moments in another systeB) then aCg dispersion
Kr-Li 278.7 289.1 259 coefficient of very good accuracy can be obtained through
Kr-Na 336.7 3713 281 Eg. (20). The model works for molecular as well as atomic
;(e‘E ﬁél;' 52%151 28'49 This approach may have practical benefits in addition to
e ‘ ' its fundamental theoretical appeal. We hope to incorporate it
Xe-Na 537.5 599.3 438 . . .
into molecular structure and molecular mechanics codes in
Xe—K 895.3 1044 669 . S .
future work in order to efficaciously handle long range inter-
MAPE® 14.0 317 a actions.

“Literature values from Ref. 14.
PMean absolute percent error relative to the literature values. ACKNOWLEDGMENT

The financial support of the Natural Sciences and Engi-
The mean absolute percent erfMAPE) of our atom-atom neering Research Council of Cana@NSERQ is gratefully
Cg's in Table | relative to highly accurate literature valtes acknowledged.
is 14.0%. The potassium atom is a significant outlier. Omit-
ting all cases involving potassium leads to a reduced MAPEAPPENDIX: CONNECTIONS WITH SECOND-ORDER
of 9.8%. OurCg's are in slightly better agreement with lit- PERTURBATION THEORY
erature values than the approximate density-functional e refer the reader to Ref. 1 for an excellent and com-
method of Andersson, Langreth, and Lundgviswhich  prehensible account of the second-order perturbation theory
yields a MAPE of 15.5% for the same set of 45 noble gasof the dispersion interaction. We will here adopt notation and
and alkali atom pairs. formulas from Chap. 12 of this book. Equati¢h2.32 of
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Ref. 1 is obtained when all excitation energies in sysfem 5 ) 5 5
are approximated by a constant “average” valE, and (di) =(u) = f rp(r)dr. (A6)
similarly for systemB:
The fact tha(di) equals(u?) in atoms such as H, He, Li, and
2 1 (X u2) Be suggests an obvious way to incorporéd®) into a dis-
Eaisp= ~ §<AEA+ AEB> R (A1) persion model. Simply repladg:?) everywhere in Eq(A4)
by (di). This gives Eq.(20) of the text and confirms our
The quantity(u?) is the expectation value of the squared heuristically obtained result.

dipole moment operator How well does Eq(A4) itself perform?Cg values from
Eq. (A4) are presented in Table Ill for the same atom-atom

2_ 2\ 22, P A2 pairs as in Table I. We see th@f values from Eq(20) are

K (; q,r|> % Gk 12#1 " - 5 (A2) superior to those from E@A4). The MAPE arising from Eq.

(A4) is 31.7%, more than twice the MAPE of 14.0% arising
where the sums are over all particles including nuclei. It isfrom Eq.(20). Our exchange-hole-based model therefore of-
assumed that and B have zero total charge and zero per-fers, in addition to conceptual beauty, a significant advance
manent dipole moment. From the analogous second-ord@ver the putative model of E¢A4).

perturbation theory of polarizability, and again making an Individual values of(dy), (p?), and a for the atoms
average excitation-energy approximation, one obtains comprising our atomi€g test set are presented in Table IV.
These may be of interest to some readers.
%, . _ . .
= . (A3) P. W. Atkins and R. S. FriedmaMolecular Quantum Mechanic8rd ed.
3AE (Oxford University Press, New York, 1987
2T, J. Giese and D. M. York, Int. J. Quantum Che88, 388 (2004, and
This equation can be used to elimingjg’) from Eq. (A1) references therein.

3
L _ J. F. Stanton, Phys. Rev. A9, 1698(1994).
thus derlvmg the London formula, E(Q)’ after further ap 4G. D. Mahan, J. Chem. Phy36, 493(1982; S. J. A. van Gisbergen, J. G.

proximating AE by the ionization energy. Alternatively, we Snijders, and E. J. Baerendsid. 103 9347(1995.

can eliminateAE from Eq. (A1) and derive another formula, °M. A. Spackman, J. Chem. Phy84, 1295(1991.
6J. C. Slater, Phys. Rew81, 385(195)); J. C. Slater,The Self-Consistent

2 2 Field for Molecules and Solid®Quantum Theory of Molecules and Solids,
E, =— <MA><MB> anapg (A4) Vol. 4 (McGraw-Hill, New York, 1974.
disp <Mi> ag + <,U«é>aA RS’ "See I. N. LevineQuantum Chemistrysth ed.(Prentice-Hall, New Jersey,

2000, pp. 466-468, for a virial theorem analysis of kinetic and potential
energies of dispersion.

i i 2 2
the focus of which igu®). The u operator, EQ(A2), con- 8y 3 Allen and D. J. Tozer, J. Chem. Phyl7, 11113(2002.
sists of nuclear and electron one-body operators and two?See R. Cambi, D. Cappelletti, G. Luiti, and F. Pirani, J. Chem. PBgs.
body operators arising from the cross terms. Inatwmthe 1852(1991), for a good discussion of the Slater—Kirkwood formula.

10, . . . .
f o\ CRC Handbook of Chemistry and Physizéth Ed., edited by D. R. Lide
nuclear par'ts can .be ignored atd*) in the Hartree—Fock (CRC, Boca Raton, 1995
approximation is given by YA, D. Becke, J. Chem. Phys38, 2547(1988.
2o, D. Becke, Int. J. Quantum Chem., Quantum Chem. Syi2§. 599
(1989; A. D. Becke and R. M. Dickson, J. Chem. Phy?2, 3610(1990.
2y | (2 3 2 2 ¥ ThenumoL program has been revised to perform full ical Hartree—
= | rep(r)d°r — re +r:,), A5 prog perform fully numerical Hartree
() f p(r) 2 ( o ”B) (AS) Fock computationgA. D. Becke, to be published

-
! K. T. Tang, J. M. Norbeck, and P. R. Certain, J. Chem. Pt84.3063

- , (1976.
wherer is distance from the nucleus(r) is the total electron 5y andersson, D. C. Langreth, and B. I. Lundqvist, Phys. Rev. L€
density, andj;,, is the moment integral of Eq24). 102 (1996.

(42) is not the same quantity adfo For atoms contain- A. D. Becke, J. Chem. Phy<8, 5648(1993; P. J. Stephens, F. J. Devlin,
. P 2 . . C. F. Chabalowski, and M. J. Frisch, J. Phys. Ch&8. 11623(1994.
Ing onlyselectrons, howeve("’* > and<dx> areidentical and Y"M. J. Frisch,et al, Gaussianes Gaussian, Inc., Pittsburgh, PA, 1998.
are both given by Q. Wu and W. Yang, J. Chem. Phy&16, 515 (2002.
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