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Abstract. We present a method for accurately computing transition probabilities in one-dimensional pho-
toionization problems. Our approach involves solving the time-dependent Schrödinger equation and project-
ing its solution onto scattering states that satisfy the correct incoming or outgoing boundary conditions.
Conventionally, the photoelectron emission spectrum is obtained by projecting the time-evolved wave
function onto the stationary continuum eigenstates of the unperturbed, time-independent Hamiltonian.
However, when the spatial potential is symmetric, both the initial bound state and the final continuum
states exhibit well-defined parity. The propagated wave function retains structural features of the initial
bound state, including its parity. As a result, changes in the parity of the continuum states can introduce
substantial variations in the projections, leading to spurious oscillations in the computed electron emis-
sion spectrum. Our method circumvents this issue by employing scattering states without defined parity.
Furthermore, it enables the calculation of directional emission, making it possible to study emission asym-
metries. To illustrate the capabilities of our scattering projection method, we analyze the partial differential
photoionization probabilities of Al(111) metallic surfaces under short laser pulses at grazing incidence.

1 Introduction

Many ionization experiments aimed at obtaining energy
spectra and cross sections are performed under quasi-
stationary conditions. Consequently, quantum mechan-
ics and scattering theory have traditionally focused on
solutions of the time-independent Schrödinger equa-
tion, primarily because stationary scattering states
form a basis that facilitates the analysis of time-
dependent collisions. However, recent breakthroughs in
laser technology—particularly the advent of attosecond
pulses, a key achievement recognized by the 2023 Nobel
Prize in Physics [1]—have sparked growing interest in
ultrashort laser pulses as ionizing sources. As a result,
theoretical approaches must adapt to these develop-
ments by placing greater emphasis on the temporal
description of physical processes.

The calculation of photoionization spectra has been
an active area of research for several decades, encom-
passing a wide variety of targets, including atoms [2–5],
molecules [6–8], and solids [9–11]. In many cases—such
as electron emission from solid surfaces—the under-
lying physics can be effectively described using one-
dimensional models [12,13]. For instance, photoemis-
sion from the valence band has been studied for metallic
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surfaces like Al(111), Al(100), Be(0001), and Mg(0001)
[12,13].

Following previous studies [12–17], photoelectron
spectra are commonly obtained by numerically solv-
ing the time-dependent Schrödinger equation (TDSE)
and projecting the final wave function onto the sta-
tionary continuum eigenstates of the unperturbed time-
independent Hamiltonian. However, this approach often
yields large unphysical oscillations in the energy spec-
trum [12,14]. To mitigate these artifacts, convolution
techniques such as the widely used window-operator
method (WOM) [18,19] are typically employed. Nev-
ertheless, we have found that these methods can inad-
vertently suppress physically meaningful structures in
the spectrum.

In this work, we restrict our study to one-dimensional
ionization processes and perform a detailed analysis of
electron emission from symmetric potentials. To over-
come the aforementioned spurious oscillations, we intro-
duce a computational method that projects the wave
function—evaluated at the end of the laser pulse—
onto scattering states with the appropriate incoming or
outgoing boundary conditions. Our scattering projec-
tion method (SPM) not only eliminates the unphysical
oscillations more effectively than the WOM but also
preserves fine structures of physical relevance, such as
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Ramsauer–Townsend-type oscillations, which are oth-
erwise suppressed by the WOM.

We investigate the ionization of a one-electron sys-
tem subjected to an external electric field, modeled
as either a traveling wave (short laser pulse) or a
standing wave (half-cycle pulse). We begin with a sim-
ple square-well potential supporting a single bound
state, then proceed to the jellium model [14] as a first
approximation of a metallic surface, and finally apply a
more sophisticated band-structure-based (BSB) poten-
tial for Al(111), which incorporates surface roughness
due to atomic layering as well as surface plasmon effects
[13,20].

This article is organized as follows. In Sect. 2, we
describe the numerical methods used to solve the
TDSE for electron ionization in a one-dimensional
potential, and we detail two approaches to extract
the energy spectrum: (i) projection onto standard sta-
tionary continuum eigenstates of the time-independent
Schrödinger equation (TISE), and (ii) the proposed
SPM using scattering states. A step-by-step numerical
procedure is provided in the Appendix A. In Sect. 3,
we present and compare results for simple potentials
obtained via both projection techniques and the WOM.
In Sect. 4, we apply the methods to the photoioniza-
tion of metallic surfaces. Finally, Sect. 5 summarizes our
findings and outlines future directions for the system-
atic study of metal photoionization under ultrashort
laser pulses. Unless otherwise stated, atomic units are
used throughout.

2 Theory

2.1 Resolution of the time-dependent Schrödinger
equation

We consider the ionization of a one-dimensional sys-
tem consisting of a single electron bound in a short-
range potential V (z) and subjected to an external time-
dependent electric field. Within the dipole approxima-
tion, the time-dependent Schrödinger equation (TDSE)
takes the form

i
∂

∂t
|ψ(t)〉 = [H0 + Hint(t)] |ψ(t)〉, (1)

where the unperturbed Hamiltonian is H0 = p2/2 +
V (z), with the first term representing the kinetic energy
of the electron, and the second term describing its
interaction with an attractive potential that models,
for example, an atom, molecule, or solid-state system.
The momentum p corresponds to the conjugate opera-
tor of the position operator z. In general, as the elec-
tron escapes from the region where the potential is con-
siderable toward the detector, where V (z → ∞) = 0,
p varies from an initial value to the asymptotic value
k. Whereas the momentum p (and the kinetic energy)
varies with time, the asymptotic momentum k is a con-
stant of motion and therefore a good quantum number.

The term Hint(t) accounts for the interaction with
the external field. In the length gauge, this interac-
tion is given by Hint(t) = zF (t), where F (t) is the
time-dependent electric field. Under the influence of this
field, an electron initially in a bound state |φi〉 can be
excited to another bound state |φn〉 with energy En,
or ionized into the continuum, ending in a state |φk〉
characterized by asymptotic momentum k and energy
E = k2/2.

To numerically solve Eq. (1), we use the staggered
leap-frog method [21,22]. This is a robust time prop-
agation technique commonly applied in the simulation
of atomic and molecular few-body dynamics [23]. The
method provides an efficient and stable approach to
evolving the wave function under the influence of strong
and time-dependent external fields.

2.2 Projection onto stationary waves

Once the TDSE [Eq. (1)] has been solved, the time-
propagated wave function ψ(z, t) = 〈z|ψ(t)〉 is avail-
able. After the conclusion of the electric pulse of dura-
tion τ , the electron is subject only to the influence
of the time-independent potential V (z). Therefore, the
kinetic energy is conserved and the asymptotic momen-
tum k is a good quantum number. In this paper, we
consider only short-range symmetric potentials, i.e.,
V (z) = V (−z). Hence, both the bound φj(z) and
continuum φk(z) eigenstates of the time-independent
Hamiltonian H0 have definite parity, which means that
they will be either even [φ(e)

i (z) = φ
(e)
i (−z)] or odd

[φ(o)
i (z) = −φ

(o)
i (−z)]. The wave function ψ(z, τ) at

the end of the interaction with the external force can
be written as a linear combination of stationary eigen-
states

|ψ(τ)〉 =
Nb∑

j

aj |φj〉 +
∫ ∞

−∞
dk ak|φk〉 , (2)

where Nb is the number of bound states of V (z), and the
transition amplitudes for bound and continuum states
are

ai = 〈φi |ψ(τ)〉 . (3)

The differential probability of electron emission can be
expressed as a function of the electron momentum k or
the kinetic energy E as

dP

dE
= k

dP

dk
=

√
2E |ak|2 . (4)

If the continuum states are degenerate, the photoelec-
tron emission probability is

dP

dE
= k

dP

dk
=

√
2E

(
|a(e)

k |2 + |a(o)
k |2

)
, (5)
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where the amplitudes a
(q)
k correspond to the projections

over the degenerate eigenfunctions H0|φ(q)
k 〉 = Ek|φ(q)

k 〉,
for q = e, o.

If the TISE is solved numerically in a spatial grid
with a large but finite number of grid points N within
a bounded (1D) spatial range (referred to as “the box”),
the Hamiltonian spectrum becomes L2 finite and dis-
crete even in the region where (E > 0). The differential
photoelectron emission probability can be recovered as

dP

dE
� |an|2

ΔEn
if En > 0 , (6)

where we have approximated the differential dE for
a discrete energy bin of size ΔEn, which takes into
account the density of states. In this context, the index
of the eigenfunction n determines the parity of the
eigenfunction. From Eq. (6), we can express the total
ionization probability Pion as follows:

Pion =
∫ ∞

0

dE

(
dP

dE

)
�

N∑

n=Nb+1

|an|2, (7)

where the continuous integral over the energy was
approximated for a discrete sum involving the N − Nb

eigenstates with En > 0.

2.3 Scattering projection method

We can alternatively project the final state |ψ(t)〉 onto
a different basis of continuous states, which have non-
definite parity. In this work, we propose the scattering
projection method (SPM), in which the projection basis
consists of scattering waves that meet the appropriate
asymptotic conditions. Given that the one-dimensional
potential well is a short-range potential, the scattering
waves with incoming (+) boundary conditions—related
to plane-wave incidence from the right (r) and from the
left (l)—asymptotically behave as follows:

Ψ(r,+)
k (z) =

{
T

(+)
r (k)e−ikz if z → −∞

e−ikz + R
(+)
r (k)eikz if z → +∞

(8a)

Ψ(l,+)
k (z) =

{
eikz + R

(+)
l (k)e−ikz if z → −∞

T
(+)
l (k)eikz if z → +∞

(8b)

Similarly, the scattering waves with outgoing (-)
boundary conditions, associated with the plane-wave
emissions to the right (r) and the left (l), behave asymp-

Fig. 1 Scheme of scattering waves in a one-dimensional

well. a Incoming scattering waves from the right Ψ
(r,−)
k and

from the left Ψ
(l,−)
k and b outgoing scattering waves to the

right Ψ
(r,+)
k and to the left Ψ

(l,+)
k

totically as:

Ψ(r,−)
k (z) =

{
T

(−)
r (k)eikz if z → −∞

eikz + R
(−)
r (k)e−ikz if z → +∞

(9a)

Ψ(l,−)
k (z) =

{
e−ikz + R

(−)
l (k)eikz if z → −∞

T
(−)
l (k)e−ikz if z → +∞ .

(9b)

In Eqs. (8) and (9) R
(±)
r(l)(k) and T

(±)
r(l) (k) are

the respective right (left) reflection and transmission
coefficients with the corresponding asymptotic bound-
ary conditions (±). As it is well known, both the
incoming basis {Ψ(r,+),Ψ(l,+)} and the outgoing basis
{Ψ(r,−),Ψ(l,−)} can be used to describe the continuous
states of the scattering problem (1).

In the specific case of a square-well potential, the
scattering wave functions can be derived analytically
[24]. For other potentials where the analytical scatter-
ing wave functions are either challenging to obtain or
do not exist, we introduce a plane-wave basis using
a procedure based on Ref. [25]. In Appendix A, we
demonstrate how to numerically calculate the transmis-
sion and reflection coefficients for a given short-range
potential. Once the scattering states are established,
the photoemission probabilities can be retrieved within
the SPM framework by projecting the time-propagated
wave function onto the incoming (+) or outgoing (-)
basis, similar to the process outlined in Eq. (5). That
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is [26],

(
dP

dE

)(+)

SPM

=
√

2E
(
|〈Ψ(l,+)

k |ψ(τ)〉|2

+|〈Ψ(r,+)
k |ψ(τ)〉|2

)
, (10a)

(
dP

dE

)(−)

SPM

=
√

2E
(
|〈Ψ(l,−)

k |ψ(τ)〉|2

+|〈Ψ(r,−)
k |ψ(τ)〉|2

)
, (10b)

respectively, and both expressions are equivalent.

2.4 Window-operator method

We provide a brief overview of the widely used window-
operator method (WOM), developed by Schafer [18,19],
for extracting energy-resolved probabilities from a wave
function calculated on a numerical grid. This method
approximates the differential emission probability by
evaluating the expectation value of the window (or
tapering) operator on the time-evolved wave function
|ψ(τ)〉

P (E) ≈ 〈ψ(τ)|Ŵ |ψ(τ)〉

= 〈ψ(τ)| γ2n

(H0 − E)2
n

+ γ2n
|ψ(τ)〉 . (11)

Expanding the final numerical state into stationary
wave functions, Eq. (11) becomes

P (E) =

∞∫

−∞
dk

k γ2n

(
k2

2 − E
)2n

+ γ2n
|〈φk| ψ(τ)〉|2 ,

(12)

which can be interpreted as the convolution of the
amplitude |〈φk|ψ(τ)〉|2 with the window-operator func-
tion. In Eq. (12), we deal with eigenstates |φk〉 in the
continuum of energy; however, both bound and contin-
uum states can be treated using the WOM. The two
parameters of the window function, γ and n, must be
adjusted to obtain resolved and accurate energy spec-
tra. For example, n = 1 corresponds to a Lorentzian
window, and as n increases, the window approaches a
rectangular shape, thus reducing the overlap between
adjacent energy bins.

The results obtained with the WOM are proportional
to the ionization probability, up to a constant factor
related to the energy width 2γ of the WOM. Conse-
quently, P (E) exhibits a vertical shift that depends on
γ [19,27]. In our case, we do not compare individual
final probabilities for each eigenstate of the numerical
box but the energy spectrum, i.e., the energy distri-
bution in the continuum [Eq. (6)]. Due to the quasi-
rectangular shape of P (E) for n ≥ 2, the distribution

becomes (Eq. (8) of [19]).

(
dP

dE

)

W

=
P (E)
2γ

(13)

As long as γ is small compared with the characteris-
tic variations of P (E) yet still larger than the energy-
grid spacing ΔEi, the shape of the energy distribution
remains essentially unchanged; only an overall scaling
proportional to γ is introduced. In the limiting case
γ ∼ ΔEi and E = Ei, the WOM leaves the energy dis-
tribution obtained from the stationary eigenstates of
the numerical box unchanged.

3 Results for simple models

We evaluate different projection methods by calculating
the electron emission spectra resulting from photoion-
ization of a target subjected to an external linearly
polarized laser, whose time-dependent electric field is
given by

F (t) = F0 sin2

(
πt

τ

)
cos (ωt) t ∈ (0, τ) , (14)

where F0 indicates the maximal strength of the electric
pulse of main frequency ω and total duration τ .

In order to understand the origin of the spurious
oscillations commonly observed in the theoretical pho-
toionization spectra, we start considering a laser inter-
acting with an electron confined within a square poten-
tial well. This potential has a width of a = 3 a.u. and
depth V0 = 0.5. It features a single bound state φ1 with
an energy of E1 = −0.314 a.u.. The laser pulse has a fre-
quency of ω = 0.8 a.u., peak field strength of F0 = 0.5,
and a duration of six cycles, i.e., τ = 6 × 2π/ω = 47.12
a.u.. We solve the TDSE as given by Eq. (1) in the
length gauge, where Hint(t) = zF (t). The spatial grid
for our calculations consists of N = 5000 points evenly
distributed over z = (−L/2, L/2) with L = 200 a.u..
The stationary eigenfunctions are obtained by diagonal-
izing the H0 Hamiltonian using the LAPACK package
[28]. For the TDSE solution, we utilize the staggered
leap-frog method [21,22], propagating the wave func-
tions over 60000 time steps with Δt = 8.3 × 10−4 a.u.
until a time slightly greater than the pulse duration.
Throughout the propagation, we continuously monitor
the proper normalization of the wave function to ensure
unitarity.

3.1 Differential emission probabilities

The photoionization emission probability is usually cal-
culated by projecting the solution of the TDSE at
the end of the laser pulse onto the continuum sta-
tionary eigenvectors. We computed the probabilities
using Eq. (6) and present the outcome in Fig. 2.
The expected photoelectron emission spectra consist of
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broad peaks resulting from the multiphoton absorption
process from the initial bound state. These peaks corre-
spond to above-threshold ionization (ATI) energy levels
(n = 1, 2, . . .) and are separated by a photon energy of
ω = 0.8 a.u., in accordance with the energy conserva-
tion relation given by

En = nω − Ip − Up . (15)

In this context, the ionization potential is the binding
energy of the initial state, Ip = |E1| = 0.314 a.u., while
the ponderomotive potential Up = [F0/(2ω)]2 � 0.1
represents the energy of an oscillating electron influ-
enced solely by the laser field [2].

However, the resulting spectra exhibit a strong oscil-
lating pattern superimposed on the expected curves.
These rapid oscillations cover an amplitude of about
two orders of magnitude, and the spacing between
their peaks increases as the emitted electron energy
increases. It becomes evident [26] that the strong oscil-
latory structures within the peaks are a spurious arti-
fact of the finite basis set used in the calculations.
The explanation for these unexpected oscillations is
straightforward. Projecting onto continuum functions
results in two types of transition amplitude: one type,
where both the continuum component of ψ(τ) and
the projected φk waves have mostly the same parity,
retains nearly the entire probability. The other type,
in which the projected wave functions have opposite
parities, exhibits significantly lower probabilities. When
the physical problem is confined to a numerical grid,
it is possible to move arbitrarily the walls of the box,
changing thus the stationary eigenfunctions. It is pos-
sible then to design two potentials in which the same
eigenvalue appears in both cases, but the correspond-
ing eigenvectors have different parities. Therefore, the
highly oscillating structures interfering with the ATI
photoemission spectra are indeed spurious and should
be disregarded.

To reduce the high oscillations in the total energy
spectrum, we initially employed the WOM method
using Eq. (12) with γ = 0.045 and examined three dif-
ferent values of n = 1, 2, and 3, as illustrated in Fig. 2a.
On the one hand, we find that the high-frequency
fluctuations vanish within the WOM approach. Addi-
tionally, while the broad multiphoton peaks are some-
what smeared for n = 1, they become well-defined
with increasing values of n, with n = 3 being suf-
ficient for an acceptable resolution. In Fig. 2b, we
set n = 3 and analyze the calculated spectrum for
three distinct γ values: 0.07, 0.045, and 0.02 a.u. The
near-threshold structure, with peaks at approximately
E � 0 and 0.2 a.u., necessitates a narrow window with
γ = 0.02 a.u. However, at high energy, near the third
multiphoton peak at E ∼ 2 a.u., the spurious oscil-
lations are not completely smoothed, even with this
γ value. Thus, a compromise must be struck to find
a suitable γ value that addresses the near-threshold
structures while mitigating the spurious oscillations at
higher energies, which can sometimes prove challenging.

Fig. 2 Ionization differential emission probabilities for an
electron confined in a square well with a = 3 a.u. and V0 =
0.5 a.u. subject to a laser pulse given by Eq. (14) with ω =
0.8 a.u., F0 = 0.5, and τ = 47.12 a.u.. a Projections onto
stationary eigenstates (highly oscillating thin brown solid
line) and WOM results with γ = 0.045, for n = 1 (dash
red), 2 (dash blue), and 3 (dash green). b Projections onto
stationary eigenfunctions (thin brown solid line), and WOM
results with n = 3 γ = 0.02 (short dash red), 0.045 (solid
green), and 0.07 (dash blue) lines

We then compare the outcome of the WOM with the
electron emission spectrum obtained using our SPM.
This was calculated by projecting the wave function at
the end of the pulse, ψ(z, τ), onto the scattering waves
Ψ(l,±)

k (z) and Ψ(r,±)
k (z), as described in Eqs. (10a) and

(10b). The photoelectron emission differential proba-
bility (dP/dE)(±)

SPM calculated from those equations is
shown in Fig. 3. As expected, both results are con-
sistent with one another. Notably, utilizing the SPM
yields a significantly better resolution of the physical
structures across the entire energy spectrum compared
to the WOM approach. For instance, the near-threshold
structures and the secondary peaks between the multi-
photon peaks at approximately E � 0.9 a.u. and 1.65
a.u. are much more clearly resolved. In addition, the
small oscillations still visible in the second and third
multiphoton peaks, reminiscent of the spurious high-
frequency peaks within the WOM, are entirely washed
out within the SPM. We have also investigated on the
applicability of the SPM and WOM on soft-core hydro-
genic potentials (see Appendix B).
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Fig. 3 Photoelectron emission probabilities from φ1. Thin
brown solid line: projection onto L2 stationary eigenstates.

Dash blue line: (dP/dE)
(+)
SPM, i.e., projection onto incoming

Ψ(+) scattering wave. Solid red line: (dP/dE)
(−)
SPM. Green

line: window filtered spectra with γ = 0.045 and n = 3

3.2 Directional emission

So far, we have analyzed the total emission spec-
trum without considering the emission direction. In one
dimension, photoelectrons can be emitted either to the
right (forward, along the polarization direction ẑ) or to
the left (backward). To compute directional emission,
we project the final wave function onto the outgoing
scattering states Ψ(r,−)

k (z) for emission to the right and
Ψ(l,−)

k (z) for emission to the left:

(
dP

dE

)

r

=
√

2E|〈Ψ(r,−)
k |ψ(τ)〉|2 (16a)

(
dP

dE

)

l

=
√

2E|〈Ψ(l,−)
k |ψ(τ)〉|2. (16b)

For symmetric potentials V (z), such as those consid-
ered here, Eqs. (16a) and (16b) can be related through
time-reversal symmetry: Ψ(r,+)

k (z) = Ψ(l,−)∗
k (−z) and

Ψ(l,+)
k (z) = Ψ(r,−)∗

k (−z), where −z is the position coor-
dinate reflection upon the potential center. It follows
from Eqs. (10a) and (10b) that the total spectrum
is simply the sum of the right and left contributions:
(dP/dE) = (dP/dE)r + (dP/dE)l.

Figure 4 shows the spectra corresponding to right-
ward, leftward, and total emission for the same square
well and laser pulse considered previously. First, we
numerically verify that projecting onto the basis Ψ(r,+)

k

and Ψ(l,−)
k yields equivalent results for rightward emis-

sion, and analogously, that Ψ(l,+)
k and Ψ(r,−)

k are equiva-
lent for leftward emission. More importantly, we observe
that while the left and right emission spectra are sim-
ilar, they are not identical. As demonstrated in Ref.
[29], strictly symmetric emission arises under symmet-
ric pulses F (t) = F (τ − t) within the strong-field

Fig. 4 Projection of the photoelectron spectrum from the
only bound state of the same square well and subject to the
same laser pulse as in Figs. 2 and 3 onto the scattering wave
outgoing from the right Ψ(r,−) or equivalently incoming to
the left Ψ(l,+) (see text) in dashed red line, outgoing from

the left Ψ(l,−) or equivalently incoming to the right Ψ(r,+)

in blue dotted line, and the sum of the two, i.e., projecting
onto Ψ(−) or equivalently onto Ψ(+) in black solid line

approximation (SFA). In our case, the pulse is sym-
metric and the potential is short-ranged, so the SFA
provides an accurate description. The small deviations
from perfect symmetry observed in Fig. 4 stem from
the depletion of the ground state and the residual effect
of the short-range potential on the escaping electron.1
In this example, the total emission to the right (left)
accounts for 49.88% (50.12%) of the total.

Now, we consider photoionization due to a short laser
pulse with just two optical cycles, i.e., τ = 2 × 2π/ω =
15.71 a.u.. In Fig. 5a, we plot the total energy spectrum
calculated by projecting onto stationary eigenfunctions
of the box, resulting in a highly oscillating distribution.
By applying the WOM with n = 3 and γ = 0.045, we
can smear the spurious oscillations rather efficiently;
however, we still observe a reminiscence of these oscil-
lations at high energy (E � 1.3 a.u.). In addition, in
the low energy part of the spectrum near threshold
(E � 0.05 a.u.), the WOM spectrum falls off abruptly.
This is an artifact of the method since it averages an
energy region of width close to 2γ, whose one part lies in
the continuum with appreciable transition probabilities
(E > 0) and the other lies below the threshold (E < 0)
with no eigenenergies close to it. Thus, the WOM aver-
age in Eq. (12) decreases as the energy approaches the
threshold. Unlike the WOM, SPM succeeds in losing
completely any reminiscence of the spurious oscillations
in the energy spectrum and does not show any nonphys-
ical fall-off behavior near threshold. For such a short
pulse, the multiphoton peaks are absent in the photo-
electron spectrum because of the broad band frequency
components. Generally, as the laser pulse has a finite
duration τ , the uncertainty relation ΔEΔt ∼ 1 leads

1 The SFA is exact only for zero-range potentials and in the
absence of initial state depletion.
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Fig. 5 Photoelectron spectrum from the only bound state
of the same square well as in Figs. 2, 3, and 4, subject to one
laser pulse with the same characteristics as in Figs. 2, 3, and
4 but with only two optical cycles of duration, i.e., τ = 15.71
a.u.. a Projection of the spectrum onto stationary states
with definite parity in thin brown solid line (highly oscil-

lating), the spectrum projected onto the outgoing Ψ(−) in
red dashed line and comparison to the spectrum calculated
through the WOM with window width γ = 0.045 and n =
3 in green solid line. b Directional photoelectron spectrum
calculated projecting the final wave function onto Ψ(r,−)

and Ψ(l,−) together with their sum (projection onto Ψ(−))
in dash red, dot blue, and solid black lines, respectively. The
ionization toward the right (left) is 42.5% (57.5%)

to multiphoton peaks with a certain width ΔE ∼ 1/τ .
In this case, as the laser pulse comprises only two cycles,
τ is small and the multiphoton peaks are very broad so
that they overlap, which prevents their visualization.
In Fig. 5b, the electron emission to the right (dP/dE)r
and to the left (dP/dE)l are displayed. For this such
short laser pulse, we observe a rather asymmetric dis-
tribution, except near threshold. In particular, the total
emission to the right (left) is 42.5% (57.5%) of the
total ionization probability Pion = 0.64 in this case. As
expected, the right-left asymmetry is enhanced when
the pulse duration is shortened (compare Figs. 4 and
5).

In order to produce very asymmetric electron emis-
sion, we consider half-cycle pulses of the form

F (t) = −F0 sin2

(
πt

τ

)
, (17)

for 0 < t < τ and zero elsewhere. These short elec-
tric fields of duration in the order of the picoseconds do
not represent traveling waves and have been developed
for the production of quasi-one-dimensional very-high-
n Rydberg atoms [30] and inducing focusing of Rydberg
wave packets in the phase space [31]. However, in this
work we will use pulses much shorter than the excur-
sion time of the initial state, i.e., τ � 2a/

√
2Ip (in the

order of the attoseconds) to ensure that we are in the
sudden regime where the electric field of Eq. (17) can
be thought of as a single kick of momentum transfer
Δp = − ∫ ∞

0
dtF (t) when they interact with the elec-

tron initially bound to the square-well potential used
[32,33]. In Fig. 6, we show the directional (right and
left) emission spectrum from the same square well of
Figs. 2, 3, 4, and 5 subject to the half-cycle pulse [Eq.
(17)] of duration τ = 1 a.u. and momentum transfers
Δp = 0.05 a.u. and Δp = 0.5 a.u. in Fig. 6a and b,
respectively. We observe that there is more emission
toward the right than toward the left for both kick
strengths, which is anticipated from a classical view-
point, since negative kicks push the electron (of nega-
tive charge) toward the right. As expected, when the
kick strength is increased, the right-left emission asym-
metry increases. For Δp = 0.05, the emission to the
right (left) is 57% (43%) of the total ionization prob-
ability is Pion = 3 × 10−4, whereas for Δp = 0.5, the
emission to the right (left) is 92% (8%) of the total
ionization Pion = 0.27.

For a closer inspection of the emission asymmetry for
half-cycle pulses, we define the total asymmetry factor
as

A =
(Pion)r − (Pion)l

Pion
, (18)

where (Pion)r =
∫ ∞
0

dE (dP/dE)r , (Pion)l =
∫ ∞
0

dE
(dP/dE)l , and Pion = (Pion)r + (Pion)l, and the differ-
ential asymmetry factor as

A(E) =

(
dP
dE

)
r
− (

dP
dE

)
l(

dP
dE

) . (19)

The asymmetry factors [Eq. (18)] for the right-left spec-
tra of Fig. 5b, Fig. 6a, and Fig. 6b are A = −0.15, 0.15,
and 0.84, respectively. In Fig. 7, we show the asymme-
try factor A defined in Eq. (18) as a function of the
magnitude of the momentum transfer Δp for ionization
by a half-cycle pulse of duration τ = 1 a.u.. We clearly
observe that the asymmetry factor increases monotoni-
cally as the momentum transfer increases in magnitude,
tending to unity, which means that all the ionization
will be toward the right and, on the other hand, for
weak momentum transfers the asymmetry approaches
to zero, as expected [31]. In the inset, we show the dif-
ferential asymmetry coefficient A(E) defined in Eq. (19)
and observe that different momentum transfers impacts
differently on the emission asymmetry depending on the
kinetic energy of the escaping electron.
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Fig. 6 Photoelectron spectrum from the only bound state
of the same square well in Figs. 2, 3, 4, and 5 subject to
a half-cycle pulse of duration τ = 1 a.u. and momentum
transfer Δp = 0.05 a.u. in (a) and Δp = 0.5 a.u. in (b). The
spectrum projected onto the respective incoming scattering
waves from right and the left Ψ(r,−) and Ψ(l,−) together with
their sum (projection onto Ψ(−)) in dash red, dot blue, and
solid black lines, respectively

Fig. 7 Asymmetry factor A as a function of the magnitude
of the momentum transfer |Δp| for ionization by a half-cycle
pulse of duration τ = 1 a.u.. Inset: differential asymmetry
factor A(E) as a function of the energy for three different
momentum transfers: Δp = 0.05, 0.15, and 0.5 in blue, red,
and black lines, respectively

4 Applications to metallic surfaces

In this section, we apply our study on the retrieval of
the energy spectrum and the elimination of spurious
oscillations to photoemission from metallic surfaces. We
consider grazing incidence of an ultrashort laser pulse
of duration in the range from femto- to attoseconds on
a metallic surface. We characterize the pulse as a time-
dependent electric field linearly polarized along ẑ, per-
pendicular to the solid surface within the dipole approx-
imation. Because of this interaction, the solid is ionized,
so that an electron located in the valence band of the
solid is promoted to the continuum. Using the single
active electron (SAE) approximation, the total Hamil-
tonian is described as

H(r, t) = −∇2
r

2
+ VS(z) + zF (t), (20)

where −∇2
r/2 is the electron kinetic energy, VS(z) is the

potential that represents the electron–surface interac-
tion and zF (t) accounts for the interaction of the active
electron with the electric field, within the length gauge.
We consider a laser pulse of the form of Eq. (14). The
Hamiltonian in Eq. (20) can be separated in the Carte-
sian coordinates H(x, y, z, t) = Hx(x)+Hy(y)+Hz(z, t)
with Hx(x) = −∂2/∂x2 and Hy(y) = −∂2/∂y2 corre-
sponding to the Hamiltonian of a free particle, and

Hz(z, t) = −∂2/∂z2 + VS(z) + zF (t), (21)

corresponding to a one-dimensional model of the sur-
face. The electron dynamics is determined by the TDSE
in Eq. (1). As the solutions of Hx(x, t) and Hy(y, t) are
just plane waves, we circumscribe our problem to solve
the TDSE in the ẑ direction perpendicular to the solid
surface.

4.1 Jellium surface model

First, we analyze photoemission for the simplest possi-
ble model for the electron–surface interaction: the jel-
lium model, where the electron–surface interaction is
modeled as a slab of width a and depth V0 = EF + Φ,
corresponding to a Fermi energy EF and a work func-
tion of the metal surface Φ, thus

VS(z) = −V0Θ(a/2 − |z|). (22)

As the room temperature is much less than the Fermi
temperature of metals, the initial state corresponds to a
set of electrons with energy levels below the Fermi level
(from the bottom of the potential well), i.e., −V0 < E <
−V0 − EF = −Φ, due to the Pauli exclusion principle
(see Fig. 8). Therefore, we must calculate the photo-
electron spectrum as [34]

dP

dE
= 2

√
2Eρ(E)

∑

i

|aik|2Θ(−Ei − Φ), (23)
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Fig. 8 Jellium (thick green line) and BSB (thin red line)
model potentials for the metallic surface Al(111) with EF =
0.414 a.u., Φ = 0.156 a.u., and a = 311.54 a.u

where the factor 2 arises from spin independence and
ρ(E) is the density of final continuum states with final
electron momentum perpendicular to the surface k =√

2E. The Heaviside function Θ(−Ei − Φ) restricts the
initial states to those contained within the Fermi sphere
(reduced to an energy segment in our 1D treatment),
where Ei is the initial bound electron energy.

We solve the one-dimensional TDSE correspond-
ing to the problem of photoemission perpendicular to
Al(111) surface for the jellium model Eq. (22) using
a = 400 a.u., and V0 = EF + Φ = 0.57 corresponding
to a Fermi energy EF = 0.414 a.u. and a work func-
tion of the metal surface Φ = 0.156 a.u.. We consider
the ionization of Al(111) due to grazing incidence of a
laser pulse of electric field amplitude F0 = 0.1 a.u., fre-
quency ω = 1 a.u. and duration equal to τ = 40 a.u..
By solving the TDSE via a finite difference method,
we get the corresponding time-evolved wave function
at the end of the laser pulse ψ(z, τ). Then, we project
ψ(z, τ) onto the stationary continuous eigenfunctions
of the time-independent part of the Hamiltonian in Eq.
(21) and get the transition coefficients whose modu-
lus squared represents the emission probability of the
electron into the vacuum region with energy E = k2/2
[see Eq. (6)]. In this case, we solve the TDSE in Eq.
(1) with the Hamiltonian of Eq. (21) discretizing the
position with a numerical mesh of width L = 800
a.u. and spacing Δz = 0.1 a.u.. We compute the time
propagation up to the end of the laser pulse τ using
a time step Δt = 4.05 × 10−4 a.u.. The aforemen-
tioned unperturbed Hamiltonian of Eq. (21) with the
jellium potential in Eq. (22) is diagonalized [28], result-
ing in 136 bound eigenstates, from which 116 are ini-
tially occupied below the Fermi level, and 507 contin-
uum eigenstates. Because the jellium potential is even
with respect to the center of the well, eigenstates of the
time-independent part of Hz in Eq. (21) are even or
odd [24]. In addition, the corresponding time-evolved
wave function for the typical laser intensities consid-
ered is only subtly nonsymmetrical. We then project

Fig. 9 a Photoelectron spectrum perpendicular to the sur-
face Al(111) within the jellium model: Φ = 0.156 a.u.,
EF = 0.414 a.u., a = 400 a.u., V0 = 0.57 a.u.. Projec-
tion onto stationary states of definite parity in brown thin
solid line (highly oscillating) and projection onto outgoing

states Ψ(−) in red dashed solid line and the WOM spectrum
in thick solid green line (γ = 0.045 a.u. and n = 3). Close
up for the ranges b 0 < E < 0.05 near threshold and (c)
0.45 < E < 0.55 near the top of the first multiphoton peak.
Vertical dash lines correspond to Ramsauer–Townsend res-
onances, i.e., Ej = j2π2/(2a2)−V0 with V0 = Φ+EF . Laser
pulse parameters are F0 = 0.1 a.u., ω = 1 a.u., and τ = 40
a.u.

the time-evolved wave function at the end of the pulse,
ψ(z, τ), onto the stationary eigenstates of the numerical
box with eigenenergies E > 0 (representing the contin-
uum), which results in the energy spectrum with huge
oscillations spanning about two orders of magnitude
shown with a thin red line of Fig. 9 as reported in previ-
ous works [12,14,26]. The corresponding projections on
the stationary eigenstates result in high or low values
depending on whether the parity of the time-evolved
wave function matches or not the parity of the contin-
uum eigenstate, respectively. Consequently, we obtain
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Fig. 10 Photoelectron spectrum perpendicular to the sur-
face for Al(111) within the jellium model: Φ = 0.156 a.u.,
EF = 0.414 a.u., a = 400 a.u., V0 = 0.57 a.u. subject to
a half-cycle pulse of duration τ = 1 a.u. and momentum
transfer Δp = −0.05 a.u.. a Projection onto eigenfunctions
of the TISE with definite parity in brown thin solid line
(highly oscillating), projection onto outgoing states Ψ(−)

in red solid line and WOM spectrum in thick green line
(γ = 0.01 a.u. and n = 3). b Directional spectra calculated

by projecting the final wave function onto Ψ(r,+) and Ψ(l,+)

in red and blue lines, respectively

the very oscillating spectrum in Fig. 9a. We observe
the multiphoton peaks at E � 0.7 a.u. and 1.7 a.u. sep-
arated by the photon energy ω = 1 a.u.. We use the
WOM with width parameter γ = 0.045 a.u. and n = 3
to smooth the spectrum, which is observed in green
solid line in the whole energy range. SPM results also in
a smooth spectrum in the high-energy region but many
oscillations arises for E � 0.8 a.u. The amplitude of
these high-frequency oscillations increases substantially
as the energies approach the threshold. We show a close-
up of Fig. 9a near threshold in Fig. 9b and near the first
multiphoton peak in Fig. 9c. We observe that the high
oscillations exposed by the SPM have a spacing which
increases with the electron kinetic energy and perfectly
matches the eigenenergies of the infinite well of width a
and depth V0, indicated with vertical dashed lines. This
is a proof that these high-frequency oscillations are of
the different nature from the spurious high-frequency
oscillations when projecting on stationary eigenstates of
the box with definite parity. The oscillations captured
by the SPM corresponds to Ramsauer–Townsend oscil-
lations coming from the interference of the traveling

Fig. 11 Photoelectron spectrum perpendicular to the sur-
face Al(111) within the BSB model: Φ = 0.156 a.u., EF =
0.414 a.u., and a = 311 a.u. subject to the same laser pulse
of Fig. 9. Projection onto stationary states with definite
parity in brown line (highly oscillating) and onto outgoing

scattering waves Ψ(−) in black line. We compare the results
with the projection onto scattering waves of the spectrum
corresponding to the jellium model in blue line. The inset
shows that the Ramsauer–Townsend resonances present in
the jellium model almost vanish in the BSB model

waves bouncing against the sharp edges of the well with
energies Ej = j2π2(2a2) − V0. We clearly see that the
SPM accounts accurately for any high-frequency phys-
ically meaningful oscillation in the energy spectrum
whereas the WOM overlooks such resonances. However,
if the potential well described a finite system such as
nanostructures or quantum dots, Ramsauer–Towsend
oscillations or any kind of high-frequency oscillation do
have a physical meaning and would be completely over-
looked by the WOM. However, for the particular case
of photoionization from a metallic surface, in the limit
of a → ∞ Ramsauer–Townsend oscillations must dis-
appear.

When a half-cycle pulse of duration τ = 1 and
momentum transfer Δp = 0.05 a.u. is applied to the
Al(111) surface modeled with the jellium model, we
observe in Fig. 10a that the highly oscillating total spec-
trum calculated by projecting onto the stationary states
of the continuum is completely smoothed by the WOM
using a window width γ = 0.0045 a.u. and n = 3. How-
ever, the SPM accounts for the Ramsauer–Townsend
oscillations with high precision. In Fig. 10b, we show
emission in both directions calculated within the SPM,
also displaying Ramsauer–Towsend resonances. The
emission to the right (left) is the 57% (43%) of a very
low ionization probability Pion = 2 × 10−5.

4.2 Band-structure-based surface model

Finally, we solve the problem of photoionization of a
metal surface in which case the potential VS(z) in Eq.
(20) is replaced by the more realistic band-structure-
based (BSB) potential where the surface is represented
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as a collection of atomic planes that together form a
slab and takes into account effects of the band struc-
ture of the metal [20]. The BSB potential is illustrated
in Fig. 8 for the case of Al(111). We solve Eq. (1) using
the BSB potential for an Al(111) surface and calcu-
late the perpendicular photoemission probability pro-
duced by the same laser pulse of Fig. 9. A grid of
length L = 789.84 a.u. spacing Δz = 0.05 a.u. with
time step Δt = 0.000405 a.u. is used. After diagonal-
ization [28] of the BSB potential, we obtain 120 bound
eigenstates, from which 91 are occupied below the Fermi
level (E < EF ), and 467 continuum eigenstates. In Fig.
11, we compare the total emission calculated with the
projection onto stationary eigenstates using Eq. (6) and
the SPM. Unlike square-well potentials, in the case of
the BSB potential the scattering waves do not have
any analytical solution and are unknown [25]. In conse-
quence, in order to implement the SPM we must appeal
to the procedure described in the Appendix A (from
step 1 to step 7) to obtain the numerically converged
outgoing scattering basis {Ψ(−)

k (z)} computed using a
minimization tolerance of 10−12. Again, spurious oscil-
lations are correctly eliminated within the SPM. When
comparing the total energy spectrum calculated within
the two models: BSB and jellium, two important things
are worth mentioning. First, there is a shift of about
0.15 a.u. in the position of the peaks, which is the BSB
spectrum displaced toward the threshold with respect
to the jellium spectrum. This shift was adjudicated
to the rugosity of the BSB potential [12,13,34]. Very
importantly, the Ramsauer–Towsend oscillations in the
jellium spectrum are washed out in the BSB model
because the surface potential is described with smooth
walls.

5 Conclusions

We have introduced the scattering projection method
(SPM) to retrieve the energy spectrum in one-dimensional
photoionization problems. SPM is based on solving
the time-dependent Schrödinger equation, and pro-
jected the final time-evolved wave function onto scat-
tering waves that have appropriate incoming or outgo-
ing boundary conditions. This approach was developed
to eliminate spurious oscillations that often appear in
the ionization spectrum when using a numerical basis
generated on a finite grid. We compared our method to
another commonly used technique for reducing spurious
oscillations, the well-known window-operator method
(WOM), and demonstrated several advantages of SPM.
On the one hand, SPM smooths more effectively high-
frequency oscillations compared to WOM. Additionally,
SPM enables the computation of directional emission,
allowing for the investigation of emission asymmetry.
We have also studied this asymmetry using directional
half-cycle pulses.

In practical applications, such as the electron emis-
sion from metal surfaces excited by the grazing inci-

dence of ultrashort laser pulses, previous calculations
faced significant challenges from numerous spurious
oscillations. Our new results show that SPM can resolve
certain physical features in the spectra from metal
surfaces while disregarding spurious oscillations. Over-
all, SPM produces smoother ionization spectra more
efficiently than WOM, and, importantly, it does not
remove other types of physical oscillations that mainly
arise from genuine quantum interference effects.
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Appendix A. Numerical calculation of the
scattering waves

We assume a localized one-dimensional potential
(V (z) �= 0 for z0 < z < z1) and an incident parti-
cle from the left. Since in all our cases the potential
is asymptotically zero in the external region, the wave
function Ψ(l,−)

k (z) in Eq. (8b) can be divided in three
different regions:

Ψ(l,−)
k (z) =

{
φI(z) if z < z0
φII(z) if z0 < z < z1
φIII(z) if z > z1.

(A.1)

First, the transmission
∣∣∣T (−)

l

∣∣∣
2

and reflection
∣∣∣R(−)

l

∣∣∣
2

coefficients must satisfy
∣∣∣T (−)

l

∣∣∣
2

+
∣∣∣R(−)

l

∣∣∣
2

= 1. Then,
the boundary conditions at the edges z0 and z1 are
established, requiring the continuity of the wave func-
tion and its derivative. The proposed procedure to
obtain Ψ(l,−)

k (z) is the following [25]:

(i) Given the energy of the incident particle E, an
initial value of the complex reflection parameter
R

(−)
l is proposed, which must be restricted to a

unit circle because
∣∣∣R(+)

l

∣∣∣
2

≤ 1.
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(ii) Applying the continuity criteria, in Eq. (A.1) we
use the function φI(z) to determine the function
φII(z) and its derivative at the point z0.

(iii) The time-independent Schrödinger equation is
solved in the intermediate region by integrating
from z0 to z1 using the fourth-order Runge–Kutta
method [22].

(iv) Knowing the function φII(z1), and applying the
continuity conditions to Eq. (A.1), the right-hand
side function φIII(z) is obtained. With it, we get
the transmission coefficient given by T

(−)
l (k) =

φIII(z1) eikz1 .
(v) Using this value of the transmission coefficient

T
(+)
l (k), the equation is integrated in the oppo-

site direction (from z1 to z0), obtaining, in the
central region of Eq. (A.1), a new φII(z).

(vi) On the left edge z0, the continuity conditions are
applied, determining φI(z0). This allows obtaining
a new complex reflection coefficient R

(−)
l

∣∣∣
new

=
[
φII(z0) − eikz0

]
eikz0 from Eq. (9b). We define a

real function that corresponds to the Euclidean
distance between the old and new reflection coef-
ficients R

(−)
l and R

(−)
l

∣∣∣
new

.

(vii) An iteration process is performed, such that it
minimizes the distance between the old and new
reflection coefficients R

(−)
l and R

(−)
l

∣∣∣
new

. The
integration problem is now transformed into an
optimization problem. In the present work, this is
done using the steepest descent method [22].

In a completely analogous way, we solved the prob-
lem of an incident particle from the right, in which
case the scattering wave function Ψ(r,−)

k (z) is obtained.
The combination of both types of functions, calculated

Fig. 12 Photoelectron emission probabilities for the soft-
core potential of Eq. B.1 from φ1. Thin brown solid line:
projection onto L2 stationary eigenstates. Solid red line:

(dP/dE)
(+)
SPM, i.e., projection onto incoming Ψ(+) scatter-

ing wave. Dash blue line: (dP/dE)
(−)
SPM. Green line: window

filtered spectra with γ = 0.045 and n = 3

at different energies, constitutes a complete scattering
basis. We proceed analogously with Ψ(l,+)

k and Ψ(r,+)
k .

Appendix B. Soft-core hydrogenic potential

We calculate the photoelectron spectrum for a soft-core
model potential of the form

V (z) = − V0√
α + z2

, (B.1)

using V0 = 0.779532 and α = 1, the potential yields a
ground-state energy of E = −0.5 a.u., corresponding to
that of a hydrogen atom [35–38]. In Fig. 12, we show the
photoelectron spectrum from the ground state, calcu-
lated using both the WOM and the SPM. We observe
that the same conclusions discussed in the main text
for the square-well potential also hold for the soft-core
potential.
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electron spectra from the time-dependent wave function:
Comparison of the projection onto continuum states and
window-operator methods. Phys. Rev. A 102(2), 023101
(2020)
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