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In this contribution it is shown that the unphysical dissociation energy curves of dimeric ions
bearing a small odd number of electrons as obtained with DFT calculations can be cused by
posteriori corrections. The self-interaction error, which is known to be at the origin of the
unphysical dissociation behavior, is corrected by a Slater’'s transition state calculation. A very
satisfactory dissociation energy curve is obtained fof Helowever for H , it is also necessary to
introduce fractional occupation numbers to obtain a good description of the systera00®
American Institute of Physics[DOI: 10.1063/1.1332989

I. INTRODUCTION » to show that, provided clearly defined computational
parameters are properly controlled, the correct dissocia-
In a recent paper, Bally and Sastshowed that standard tion limit can be obtained with DFT calculations;

DFT calculations may fail to predict a correct dissociation . 5 enlarge the description of the energy states involved
behavior of radicals ions where charge and/or spin must be  in the dissociation and to provide an explication of the
separated especially in the case of symmetric molecules.  spurious kinkscurves obtained in uncontrolled calcu-
These authors used models such gsdf He, , which are lations;

usually used as reference models because accurate dissocia« {5 show thata posteriori corrections to the energy
tion curves can be obtained at low computational cost using  curves yield totally satisfactory dissociation curves.
unrestricted Hartree—FodkJHF) theory for I—E or full con-
figuration interactionCl) for He; . When using DFT, it is i
well known that the hydrogen atom is by far one of the mOSttems the exchange-correlation hole is delocalized over sev-
difficult elements to tackle with this approach, because it is ' : . .
certainly the most inhomogeneous system available. Moderﬁral centers whereas any approxmate XC functlgnal 'S
density functional theory aims to improve the description Ofgentered around thg electron. For this reason, hybrid func-
electronic systems through exchange-correlat®@) func- tionals, Wh_'Ch contain an amount ajtﬂelocghze()l true ex-
tionals properly designed to handle an improved descriptior‘fhange' fail less dramatlcally+an.d accc_)rdlngly, the dissocia-
of the electronic density with respect to an homogeneoudon curve of H or He _is shifted toward the
system. Though, one probably cannot expect to obtain a vepSymptotically corregt unrestricted Hartree—FockUHF)
accurate dissociation curve for the present systems, at leasgrve if the amount of pure exchange is increased in the
we require curves exhibiting a physically realistic trend. un-hybrid functional. This is clearly visible from Fig. 1 in Bally
fortunately, the curves obtained by Bally and Sdsstyow a and Sastry’s papérAs pointed out by Beck&such a failure
totally unphysical behavior at distances larger than 2.5 or 2.@/0ould be even more dramatic in a one-electron system delo-
A for H3 or Hel , respectively, since a spurious energy bar-calized over three or more centers.

rier seems to appear at these distances, and totally unrealistic Another reason for the failure of the underbinding of
energies are obtained at larger distances, going asymptofiadical ions, complementary to the previous one, is the fact
cally to energies lying even lower than the bonded radical$hat approximate functionals contain self-interacti& er-

ions at equilibrium distances. In fact, this pathological failurerors, as shown by Zhang and Yanhghis error is maximal

of standard Kohn—Sham theory to describe dimer cations at@r one-electron systems such ag HPresently, there is no
large distance was already shown by Mer&teal. in 19922  exchange functional which is Sl-error free, if one excepts the
A 1/4R asymptotic behavior can be demonstraterioccur  self-interaction correctedSIC) formalism, first introduced

at distances larger than ca. 5°Athe aim of this paper is: by Perdew and Zung&r’ which has the drawback to use an

Improper dissociation of radical ions in density func-
ional theory(DFT) originates from the fact that in such sys-

0021-9606/2001/114(4)/1447/7/$18.00 1447 © 2001 American Institute of Physics
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exchange-correlation functional, as a measure of the de-

localization of the exchange-correlation hole. This is the

method proposed by Becke and oth¥g:>*
The aim of this work is not to develop new functiong@sr
self-consistent calculationsbut to point out that it is pos-
sible to correct posteriorithe dissociation energy curves of
such systems obtained Iexistentapproximate functionals.
The method we propose is based onagposterioriestimate
of Sl errors—not by the Perdew—Zunger approach, but by
the so-called Slater Transition Stdf&TS method. This cor-
rection indeed produces quite good results for systems as
small as Hg , but overestimates the correction in the case of
H, . In this latter case the use of the fractional occupation
number(FON) will help to fix the problem. In Sec. Il we
will discuss the problem of localization, whereas self-
interaction correctiongSIC) will be discussed in the next
section. Finally, Sec. V will be devoted to the special case of
H, ; We will especially show how the left—right correlation
problem and how the SIC present in this case can be tackled.

II. CALCULATIONS DETAILS

Calculations were performed with thebF1999 codel®
using a triple¢ STO basis set- (p,d) polarization functions
(basis V, according taDF classification. For the sake of
comparison, DFT as well as HF and CCSI calculations
were performed withcaussianegt’ using Dunning’s qua-
drupleZ GTO basis set® A LDA functional has been used
with the VWN!® formulation. GGAs functionals were used

d with BLYP,?*2! B88P865°?% and PW91® parametrizations.
(©) If not differently specified, all dissociation curves for both
FIG. 1. (8) H; dissociation curve computed at a LDA and GGA level in the ground and the excited state were computed.ip sym-

C.., compared to UHF and to localized LD@pen square (b) Hel disso- ~ Metry (see below for explanation Localization of the
ciation curve computed at a LDA and GGA levels @, compared to  ground state¢later referred to as localized calculatiprngas

CF:SIXT) and to Ioce_alized LDA(oper_] squane I__DA (sq_uare; GGA: BLYP induced applying the MODIEYSTARTPOTENTIAL key-
(circle), PW1(up triangle. Energy in a.u., distance in bohr. word available in the\DF code, or using a starting potential
altered through the GUESSMIX keyword in the GAUSSIAN

] ) ) ~ _code. For the so-called self-interaction correct{&éC) en-
orbital dependent exchange-correlation potential, which I%rgy curves,D..,, symmetry was retained all along in the

computationally demanding for large systems. Moreover, igcyjations. Slater's transition states calculations were ob-
has been show? that there is no possibility to obtain a local t5ined in solving self-consistent§SCH Kohn—Sham equa-

or semilocal(exchangg functional which might cancel ex- ions after removal of half an electron, corresponding to a
actly the Sl energy. Actually, the uniform electron gas is not; 5, charge for the ion.

the best reference system for the description of highly sepa-
rated atoms.
. I1l. LOCALIZATION PROBLEM
At least two different approaches have been proposed to
solve the radical ions problem in DFT: If one wants to describe properly the dissociation behav-

) ) ) . ior of Hy or Hej , it is necessary to let the system free to
* The first one is the use of the SIC formalism which hasigcalize the unpaired electron near one of the two nuclei.

led to moderately satisfying results at a computationaly/iie any computation performed .., will lead to sym-

cost which removes most of the benefit of the DFT . .
technology. Such SIC functionals are well-known to _metry_equwalent H or He atoms, removing thg center of
suffer from the difficulty of rigorously defining the no- inversion and thus lowering the symmetry @., will give

tion of Sl in a multielectron system, as well as a lack 0fthe system an extra degree of freedom and allow localization.
unitary invariance in the SIC functionals leading to ad- The dissociation curves obtained for different LDA and
ditional programing complications. Goedecker and Um-GGA functionals for the ground state of,Hand Heg are
rigar recently published a critical assessment of thedepicted in Figs. (8) and 1b), respectively. Whereas forH
method and its algorithmic implementatih.They  no spontaneous localization occurs, an asymptotic localized
showed that the molecular properties obtained with thehehavior is obtained in the case of 3’—|e However, if we
SIC method are rather poorly described; induce localization, as previously described in Sec. Il, the
* The incorporation of the kinetic energy density into the correct asymptotic behavior can also be obtained for the case
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of H, , as shown in Fig. (8) using LDA. It becomes clear
by now that the dissociation energies obtained with such
localized calculations are related, as they should be, by the

equations:
Hy »H+H', D
He; —He" +He, 2

whereas the curves obtained by Bally and Saswpuld
read:

Hy —2H0%, 3)

Hey —2HES". 4

The differences between thB., Kohn-Sham(KS)
curves and the exact ones, such as those obtained by UHF fc T T T T R
H. , originate from the fact that, at the HF level, the system  *°
can be described either by the superposition of tWd Hor H
by localized H +H- because the delocalized and localized — °4f
solutions become degenerate at large internuclear distance
(when the overlap becomes negligibl®n the other hand, at 03[
the LDA level for instance, the Dirac—Slater exchange en-® |
ergy (depending on the total density distributjaamounts to 02k
2X Cy(p/2)*3, whereas for a F+H- system, one gets 0O
+C,(p)*® (C, being the Dirac—Slater exchange constant
which differs by a factor of 23 (cf. Fig. 1) between the
energies in energy of the localize@., and the D,
asymptotic energies. This difference in exchange energy is
just the shift between the bonding and antibonding®*
asymptotic states, which should be zero. In the case of HF b)
calculation, this difference is exactly canceled by the ex-
change energy. FIG. 2. Excited state LDA dissociation curves fog Ha) and He (b)
For systems with more electrons, such ag Héhe shift compare_d to the ground statemu_ without .IocalizaFion(square and with
. . . .. . ... localization(open square Energy in a.u., distance in bohr.
in energy between the two dissociation limits remains similar
because one always has one electron interacting with two
screened atoms bearing either & Jand 0, or 2<0.5+
charges. makes the system jump from a covalent description toward
This weakness is partly reduced by more modern funcan ionic description of the dissociated ionic state. This un-
tionals than LDA, i.e., by those belonging to the second genphysical discontinuity deserves some comments. These dis-
eration(GGAS) or to the third generation of functional$?®  continuity jumps are related to the modelization of the
The observed behavior mainly depends on the nature of thexchange-correlation hole, delocalized over the two nuclei
exchange functional chosen. The correlation functionals aregicinity in the case of covalent description, but localized
more short ranged, hence they contribute less. Hybrid funcaround only one nucleus in the case of ionic description.
tionals, by construction, lead to a weighted average of th&ecause of the approximate forms used in the standard DFT
dissociation curves obtained with HF and DFT with Beckemodelization of the exchange-correlation hole, centered
exchange GGA. This is shown in Ref. 1 where the hybridaround the electron, there is no possibility of a continuous
functional used involves the Becke88 exchange GGA, as isvolution between both of the descriptions, hence leading to
usually the case, but the PBE exchange could similarly béhe observed jumps.
taken instead®?’ As just said, the correlation functional The Kohn—ShaniKS) description involves by construc-
plays a limited role in this analysis since it is supposed tdion a single Slater determinant which, for thg Kystem,
take mostly the dynamical correlation into account, which isarises from the occupation of they bonding molecular or-
short ranged. The near degenergayleft—righy correlation  bital (MO), or from the occupation of the-, MO for the
is not taken into account. The problem we have here is typiionic (dissociative state. InD.,;, symmetry these two states
cal for such a type of correlation since, for thg ldase, the belong to theX ; andZ,, irreps. The remarkable point is that
two dissociated states should lie at the same energy. these two states belong to the same irk¢pn C,,, and
However, when one draws the full dissociation curvehence are able to interact. It is easy to compute the energy of
passing through a series of single poifts through forward  both C.,, states in the distance range from 065 A as
and backward linear trangitone obtains a discontinuity in reported in Fig. 2. An avoided crossing regi@m the 2—3 A
the weakly bonding regior(between 2 and 3 Awhich  zon@ corresponds to the change of the system from a domi-
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nantly covalent state to an ionic one, both of which are dewhich is maximal for theLDA) Slater—Dirac exchange, is
scribed by a unique KS determinant. reduced, but by far not completely, in the case of GGAs and

However, as one can see from Fig. 2, the two statesnore elaborated exchange functionals. On the other hand,
which should interact do not cross because of the large Storrelation functionals, which are in fact designed to de-
error which does affect the two states. This error is larger foscribe both the correlation energy and the exchange energy
the X, state than for theX, one so that these two states, deficiency, are sometimes properly self-interaction corrected
which would be degenerate at large distances, remain sepge.g., with a N—1)/N Fermi—Amaldi term},*>?! and ac-
rated. The correction of this SI energy will be the subject ofcordingly, not able to cancel the self-interaction energy car-
Sec. IV. ried by the exchange functional.

The problem of a single determinantal approach in this  Let us now return to the localization problem at large
region is strongly connected to the treatment of near degerdlistances. One should keep in mind that the linear combina-
eracy correlation. It has been argued recently in papers bijon of left-localized and right-localized solutions should also
Gritsenkoet al?® that modern correlation functionals provide be a solution. Therefore the symmetrla.{,) density should
only a description of the so-called dynamic correlation,also provide the correct energy if one has a satisfactory ex-
which is short ranged. The near degeneracy correlation, ophange functional. This point has already been underlined by
the other hand, is effectively taken into account by the exZhang and Yangwho showed that any exchange functional
change functional, and the fact that the exchange functional®r the description of a system containing less than one elec-
are more long ranged is directly connected to the need dfon should obey the scaling relation:
exchange fungtlonals capable to prc_JperIy handle mter_aptpns E [ap.]=02E,[p1], (5)
between species at much larger distances than equilibrium
distances. Unfortunately, most of the XC functionals are deWhich is not fulfilled by any of the present exchange func-
signed to reproduced ground state properties, such as endienals (0<q<1 being the charge of a one-electron sub-
gies, equilibrium distances, and so forth. Therefore, it woulgSystem with densityp;). Moreover, Perdew and Zunger
be surprising that the present exchange functionals are afhowed that the origin of the unphysical behavior of the
ready able to provide realistic dissociation curves in aldissociation curve originates from the self-interaction en-

cases. As we shall show later, this stems from the fact tha@"9Y- We will see in the next section that the self-interaction
the self-interaction error is roughly proportional to aN1/ €rroris a feature which cannot be avoided for systems with a

(where N is the number of electrontimes the exchange Very small number of electrons; but this can be curecaby
energy, and is consequently negligible in cases of sufficientp©Steriori corrections, as discussed in Sec. IV.
large and homogeneous systems.

On the other hand, metths like HF, which correctly \, sg| F-INTERACTION CORRECTIONS
reproduce the symmetry breaking, seem to compensate for
this behavior by localization of the electron repulsion asso- It has been known for a long time now that ionization
ciated with a nondynamical correlation error. Indeed, the HFenergies differ from the eigenvalue of the highest occupied
approach overestimates the localization with respect to comolecular orbital (HOMO) because any(approximatg
related post-HF approaches. This is also evident when rea@xchange-correlation functional introduces an error due to
ing the paper of Bally and Sastry where the localization ofthe self-interaction energy which causes the KS orbitals ei-
He; occurs at a shorter distance for a UHF calculation agenvalues to be too high. Exafut unknown exchange-
compared to a UCCSD) one. A detailed discussion of this correlation functionals should lead to identical HOMO ei-
topic can be found in papers by Buijse and Baerédds, genvalues and ionization energi€s®
where the bonding in MnO and MnQ; ions has been stud- One also knows that, according to Janak's theotem,
ied. These authors underlined that tiexcessive orbital ~ that removing half an electron from the system leads to a
localization within the Hartree—Fock approximation is a two-HOMO eigenvalue which is lowered with respect to the
electron effect, which should increase with decreasing overHOMO of the original system, and which approximates quite
lap. They also emphasize that such(ameplocalization was well the ionization energy. This technique is called Slater’s
favored by multiple bonding, large on-site repulsion, and/ortransition statéTS) method. It was proposed by Slater in the
weak interaction in the case of small overlap. Indeed, thigarly seventies for th&a formalisnf® and has been exten-
behavior should be more general since it can already be ot§ively used since. The lowering of the HOMO eigenvalue
served for H§ , which is a three-electron system. exactly amounts to the self-interaction energy, i.e., the shift

Anyway, as shown in Ref. 29, the tendency of HF toWith which we are dealing. This is easily seen for a GGA:

localize orbitals is favored in the case of small overlaps, and E 2 1l 13

this is why the HF approach provides a realistic dissociation e, =—=h,+ >, J;,— —fo > > pi| F(s)dr,
curve for Hg . The H; case is less trivial because no elec- Nk J 3 b

tron repulsion energy is involved. In this case, the dissocia- ©®)

tion curve is satisfactory because no exchange and correlatheren, is the occupation number of spin orbitglh, are
tion energies are present in this method. Whereas standatde one electron integrals;; are the classical Coulomb in-
(i.e., excluding the orbital dependent approximations such ategrals, C, is the Dirac—Slater constant for exchan@s.
OPM, KLI*"*) DFT methods use XC functionals which are Sec. Il p; is the electron density associated to jtiespin
not self-interaction free. This self-interactid$l) energy, orbital, p,=Z2;n;p;;, andF(s) is the enhancement factor of
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FIG. 3. Ground state H (b) dissociation curve computed at a LOisquarg
and GGA (BP86 (diamond, BLYP (circle), PW9Xup triangle levels (in
D..;,) without (full marks) and with (open marks Sl corrections calculated
via Slater’s transition states calculations. Energy in a.u., distance in bohr.

a GGA functional E,(GGA)/E,(LDA), s being the re-
duced gradient densityVp/p*3 which gives, with n,
=1/2, and assuming that orbitiklbelongs to] spin,

el

3

1
PT_EPK

1
GIS: hk+; ij_ 2

Jik—

+[pi]l/3]|:(5')dl’. (7)
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TABLE I. Dissociation energy curves of H Binding energies BEeV),
equilibrium distance$?). Calculations at LDA and GGA levels of approxi-
mation.

Eq. dist BE
LDA 0.88 4.12
B88P86 0.86 4.13
BLYP 0.86 4.05
PW9I1 0.86 4.16
HF 1.02 2.81
LDA-FON 0.88 2.83
Exp. 1.052 2.65

This difference is dominated by the self-interaction energy,
$Juk, and the difference in exchange energy, the sum of both
terms being the self-interaction energy error.

However, we have pointed out that it is not equal to the
Sl energy which could be obtained by the Perdew—Zunger
model, because, contrarily to the STS technique, the
Perdew—Zunger Sl energy is obtained through a self-
consistent calculation, using a SIC exchange-correlation po-
tential for each orbital.

Therefore, one could attempt to correct the crude disso-
ciation curves with the STS estimation of the self-interaction
energy. This is easily done by calculating the HOMO eigen-
values of both the ground state of the ion and of Slater’s
transition state for the same ion. Figure 3 and Fig. 4 report
such plots for H and Heg , respectively, for both LDA and
GGA levels. One can see that:

(1) a physically correct dissociation curve is now obtained;

The difference between the eigenvalues is, accordingly(2) the dissociation energy, taken as the difference between

13
F(s)

2

3

1

2Jkk+

ot

—[m]mF(s'))dr.
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FIG. 4. Ground state He (b) dissociation curve computed at a LDA
(square and GGA (BP86 (diamond, BLYP (circle), PW91 (up triangle)
levels (in D.,;,) without (full marks) and with (open marks S| corrections

calculated via Slater’s transition states calculations. Energy in a.u., distance

in bohr.
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the equilibrium energy and the energy of the asymptote,
now compares favorably to experimdsee Tables | and

Il) in the case of Hg but is strongly overestimated in
case of H ;

the equilibrium bond length, which is too short, is
slightly shifted toward the experimental or CCAD
value (see Tables | and )l

©)

If one solves the KS equations of the system for the
transition state configuration, both, and the densitiep,
andpy; are modifiedas well as the reduced density gradient
s, and therefore the enhancement fagtand the difference
includes also some electronic relaxation occurring during the
ionization process.

TABLE II. Dissociation energy curves of He Binding energies BEeV),
equilibrium distance$A). Calculations at LDA and GGA levels of approxi-
mation, CCSDT), and exper.

Eq. dist BE
LDA 1.08 2.550
B88P86 1.085 2.320
BLYP 1.09 2.351
PW91 1.09 2.367
CcCcsOT) 1.08 2.42
Exp. 1.08 2.368

license or copyright, see http://ojps.aip.org/jcpol/jcpcr.jsp



1452 J. Chem. Phys., Vol. 114, No. 4, 22 January 2001 Chermette et al.

S —— T T T

04 —

0.3~ -

e
< N
©
T T T T T
| I NTR NI N

0.1 - 0.16|-
) | L | L | L 1 ) | L 0.15 ) | L L 1 L . | N
1 2 3 4 5 6 7 8 3.5 375 4 4.25 4.5 4,75 5
d d

FIG. 5. H} ground(squarg and excitedcircle) dissociation energy curves FIG. 6. H; ground(squarg, excited(circle), FON ground statéfull line)
computed at LDA without(full marks) and with (open marks Sl correc- and excited stat@dashes S| corrected dissociation energy curves. Energy in
tions. FON energy curve as full line for the ground state, dashes for thé.u., distance in bohr.

excited state. Energy in a.u., distance in bohr.

Assuming that the reduced density gradies)t does not appr_oach is somehow deficient ir_1 the description of nondy-
significantly differ between the ground state of the ion andnamical (near degeneragycorrelation. In other words, the
the corresponding ST§.e., assuming=(s)~F(s')], one  region where a low lying excited state of the same symmetry

can write is approaching to the ground state is not correctly described

by the current KS-DFT approach. As suggested by Wang

[p1— 2o "3~ [p1 1™ and Schwarz, a possible way to solve the problem is to use
=[pT]l/3[(1—pk/2pT)1/3— 1] ©) fractional occupation numberd-ON), thus expressing the

ground state and the excited state density as a linear combi-
nation of the density obtained from two different Slater de-
= —[pT]l/?’( ————————— ) : (100  terminants corresponding to an optimized fractional occupa-
T tion of the bonding and antibonding spin orbitals. The idea
Inspection of this expression indicates that the larger thavas already introduced by Slatet al.™® It was explored by
system, the better the approximation. Indeed, in the case &unlap and Mef* for molecules, by Filatov and Shéfkfor
systems with high density, this eigenvalues difference igliradicals, and is extensively used for solids or metal
dominated by the self-interaction energy itself, whereas th&lusterst® The FON notion rests on a firm basis in cases
change in exchange density is essential for systems with &hen the ground state density has to be represented by an
small number of electrons, for which one cannot neglecensemble weighted sum of single determinant densifies.
pi/2p; with respect to 1: For He this ratio amounts to 1/2,  In the present work, in order to find the optimal frac-
and reaches 1 for H. We verified through nonself- tional occupation number for the ando™ orbitals, we have
consistent calculations that, for these systems, this is the mghosen the total SIC energy as criterion; that is, we opti-
jor part of the SI error. This remarkable agreement alreadynized the fractional occupation in order to obtain the mini-
obtained for helium should also be found in the case ofn@l self-interaction “free” total energy. The S error has
heavier radicalgcorresponding work is in progress been estimated posteriorias an average, weighted by the
occupation number, of the excited and ground state Sl errors
obtained with the STS method as previously described. For
instance, in the case of an occupatian){*¢*)%¢, the SI
We have shown in the previous section that applying acorrection has been taken equal to 0.43#0D.6SICs (where
simple correction for Sl yields both qualitative and quantita-“gs” denotes the ground state and “es” the excited state,
tive agreement with the CCSD) dissociation energy curve respectively. As expected, the interaction between these two
in the case of Hg. In the case of Kl this correction is still ~ states does not affect the ground state energy curve until the
not satisfactory and leads to an overestimation of the bindingxcited state very closely approaches the ground state, i.e.,
energy. Looking for an explanation of this wrong behaviorfor a distance around 3.0 A, as shown in Fig. 6. Therefore,
brought us to consider the ground and excited state disso- the curve obtained with FON still underestimates the equi-
ciation curves computed at an LDA level @, symmetry, librium distance, but does finally predict quite correctly the
as shown in Fig. 5. The localized, non-SI corrected curves ddissociation energy. The calculated dissociation energy is
not cross, whereas the Sl corrected curves do. Therefore, thus 2.83 eV and agrees well with 2.81 eV obtained for UHF
the region where the excited state gets close the two statesd 2.61 eV for the experimental estimation. It is gratifying,
will interact. As already pointed out in the work of Wang but not a surprise, to see that, by applying such a treatment,
and Schwar? or Baerend4? a single determinant KS-DFT one obtains the® and 3* states quasi-degenerate at large

V. THE HY CASE: SI AND FON
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