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We develop analogies between economic systems and thermodynamics, and show how economic
quantities can characterize the state of an economic system in equilibrium. We argue that just as a
physical system in thermodynamic equilibrium requires a nonmechanical vafihbleemperature

T) to specify its state, so does an economic system. In addition, both systems must have a
corresponding conjugate quantity, the entréyWe also develop economic analogies to the free
energy, Maxwell relations, and the Gibbs—Duhem relationship. Assuming that economic utility can
be measured, we develop an operational definition of an economic temperature scale. We also
develop an analogy to statistical mechanics, which leads to Gaussian fluctuationg9s @merican
Association of Physics Teachers.

[. INTRODUCTION maximization principle that leads to Gaussian fluctuations.

) ~_ Section VIII concludes with a brief summary and discussion.
We propose a theory for the phenomenological description

of economic systems, based on the analogous description of
thermodynamic systems. Like thermodynamics, the preserit. ECONOMIC ANALOGIES
theory has predictive power only to the extent that it can i ) o
relate different sets of measurements. Within this context, it Examples of economic systems of interest are an indi-
makes many statements that extend beyond convention¥idual consumer or a small country, each of which is embed-
economic theory. Fundamental to our analysis is the assumgled within a larger economic system. Consider an individual
tion that the economic system be in equilibrium; however, ittonsumer. A fundamental assumption in economics is that
is not our purpose to determine when a system is in equilibthe consumer employsatility function U to choose to pur-
rium. chase one good over another. For many purposes, it is suffi-
Several years ago, Kagel and Battalperformed a set of ~ cient for the utility to be an ordinal quantityhat is, it speci-
experiments on the economic behavior of rats. Price wa§es only relative ordering However, to make the full
determined by the number of bar-presses per payoff from analogy to thermodynamics, we must take the utllityo be
fluid dispenser. The rats were given two desirable commodia real number. We assuniketo be given in a convenient set
ties whose prices were then varied. These authors found raf units, such as 1998 dollars, and we also assumelthat
behavior to be both deterministitbecause of the well- measurablé.The formalism we develop is falsifiable, and
defined average behavjpand probabilisti¢because of fluc-  can be overdetermined by a proper set of measurements, thus
tuations about the average behayidrhe observed fluctua- providing constraints on its consistency. To explain the anal-
tions suggest that there is an economic equivalent to thegy, we begin by discussing certain fundamental relations in
temperaturel’ and its conjugate variabl®. economics.
Relatively little of the economics literature discusses fluc- First consider the measurable economic quantity known as
tuations of a single ec?onomic system, a notable exceptiowealth,
being the work by Theif. However, there is a long tradition _ .
in economics of considering analogies between economic W=AM+pN  (economics @)
and physical systenisin particular, there have been studies wherex and M represent the value and amount of money,
in economics th:Y:\t develop various implications of the con-and p and N represent vectors of prices and numbers of
cept of entropy.™ However, Refs. 4-7 do not use entropy in goods, (In principle, A andM can be considered vectors if
the same way as we do here—as a quantity that defines thge consumer has holdings in more than one type of cur-

|nt|ernsal St?lte of an ect:r?nobmlc; Sylstem. ts of | b rency. Or, we can lump both goods and money intoptaad
N Sec. 11 We give the basic Eements ol our anaiogy bey yectors) Becausa is conserved in transactions, as is the
tween economics and thermodynamics. To provide back-

ground for the details of the analogy, we review the formal—tCJtaI _energyE of a thermodynamic system, .'t IS temptmg to_
ism and history of thermodynamics in Sec. Il. In Sec. IV we consider them to be analogous. From the viewpoint of maxi-
discuss the economic analogies to thermodynamics, and oB?ization, a more natural analogy is betwee& andW, and
serve that the present formalism can be used to give a mot8iS analogy is pursued in Sec. VI, which discusses an anal-
precise meaning to Marshall's concept of surplus. Specifi®9y to statistical mechanics. However, from the viewpoint of
cally, the formalism implies that an increase in the Marshal-making an analogy to the dependence on the extensive ther-
lian surplus is due to either increased leis(Weblenian sur- Modynamic variables, we will see in Sec. IV that the most
plus or increased efficiencySmithian surplus In Sec. V. appropriate analogy is betwe&nhand U. o

we discuss thermometrfand “entrometry’) in thermody- Economics assumes that the value of an individual con-
namics, and in Sec. VI we discuss thermometry and entrorrsumer’s money and goods is summarized by the valug,of
etry in economics. Section VIl discusses an analogy to stawhich typically exceed$V. The excess is known as the sur-
tistical mechanics, which supports our thermodynamicplus(a term due to Alfred Marshallfor which we introduce
analogy by an alternate argument based on a wealththe notation¥ (for “psurplus”).®** Thus
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Table I. Summary of the suggested analogies between thermodynamic and economic systems. Not listed are the
direct analogies betweehandT.

Thermodynamics -F —-E TS % N
Economics W(wealth) U (utility) W (surplus) p(price) N(# of good$
¥=U-W (economics 2 soning by which Carnot established his principle “... is justly

N . regarded as one of the most remarkable triumphs of the de-
In a primitive or very poor economy, there is no surplus, soyctive method.”*2

W=0. In this case, every individual performs the same eco- carot was concerned with the efficiency of heat engines.
nomic funptlpn at the same efficiency, and there is no benefitie getermined that for a heat engine operating between two
f_rom speC|a_I|zat|on and 'Frade. The surplicannot be nega- nearby temperatures, the ideal efficieneseful work di-
tive; for typical economic system¥>0. Although Eq.(2)  vided by the heat provided by the hotter reservisimpropor-
appears only to define another unknown quantily, in  tional to the temperature difference times an unknown but
terms ofU, this economic relationship is useful because ituniversal function of the average temperature. Carnot’'s

has a thermodynamic analogue. thinking is the basis of the second law of thermodynamics. It
The Helmholtz free energy of a system withidentical is remarkable that it was established well before the experi-
particles is defined as mental studieg1845 by James Joule that established the

. first law of thermodynamics that heat is a form of energy.
F=—PV+uN (thermodynamics ) According to JouI)(/e‘, a system with a fixed number ofggar-

whereP is the pressureV is the volume, angk is the chemi- ticles can change its energy in either of two ways: @t

cal potential of the particles. We may think ef PV as  can enter the system or wodkV can be done on the system.

analogous toAM. (There may be a deeper relationship, Energy conservation is written as

wherein the “economic engine” uses monG_xyiM rgther_ dE=dQ+dW. (5)

than work —PdV, but we do not pursue this relationship

here) The quantity in thermodynamics analogous to the From Carnot’s studies we can show that, in equilibrium,

price p is the chemical potentigk. The energyE is related dQ=TdS whereT is the temperature and the entroys a

to F in terms of the temperatuf and entropyS via function of the state of the system. Hend&=dQ/T is a
) true differential. It took 30 years to conceive and then to
TS=E-F (thermodynamics (4)  establish this simple but nontrivial statement. Because the
Note that, according to the third law of thermodynamigs, Work done on the system @W=—PdV, energy conserva-
=0 for a system aT=0. tion takes the form
A comparison of Eqs(2) and (4) suggests another anal- dE=TdS- PdV. ©6)

ogy, that of#" andTS. By taking a system with zero surplus , )

(and thus zero economic temperaftehave zero economic ~ Although the energy of a thermodynamic system is

entropy, we assume the economic analogue of the third lawniquely defined, its heat contefthe integral ofdQ) and its

of thermodynamics. work content(the integral of—PdV) are not. A system can
Because the surplus is zero for an undeveloped economgo from one energy state to another via an infinite number of

we make the tentative common language identification offrocesses where the contributions of heat and work differ.

economic temperaturg with the level of economic develop- Thus neitherdQ nor dW is an exact differential. However,

ment This usage seems consistent with the ideaThatan dW/P=—-dV anddQ/T=dS are exact differentials.

intensive quantity. We propose no common language defini- Finally, if particles can enter or leave the system by an

tion of economic entropy, although we expect it to be relatecamountdN, there is an energy changelN. The fundamen-

to economic variety, which in turn may be a measure of theal relation of thermodynamics combines these changes of

economic value of leisure. We summarize the thermodyenergy to yield

namic and economic analogies in Table 1. dE=TdS- PdV-+ udN. @

Thermodynamics involves two important classes of vari-
IIl. THERMODYNAMICS. ENTROPY. AND ables. We define them by an example. Consider two cham-
i ' ' bers of identical gases at the same temperature, pressure, and
EQUILIBRIUM . . .
chemical potential. On connecting the chambers, the energy

The concepts of temperature and entropy are well develE, volumeV, and number of particlebl of the combined
oped in thermodynamics. However, when thermodynamic§ystem will be the sum of the energies, volumes, and num-
was in its nascent state, these concepts were obscure. Pgrs of particles for the individual systems. Such variables
provide background for our development of the economicare calledextensiveThe entropyS also is an extensive vari-
analogy to thermodynamics, we give a brief review of cer-able. On the other hand, the temperatliyeoressureP, and
tain key ideas in thermodynamics. chemical potentialw of the combined system will be un-

Thermodynamics deals with the transformation of heatchanged. Such variables are callatensive'
into mechanical work, and dates from the work of Carnot Another way to write Eq(7) is to consider the energy as
(1824, who established the principle limiting the amount of an extensive variable and a function of the three extensive
work obtainable from heat under given conditions. The reavariablesS, V, andN:
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E=E(S,V,N). (8) Equating Eqgs(13) and(14) yields the fundamental relation-

shi
One goal of thermodynamics is to provide a theoretical P
framework so that experimental measurements can deter- E(S,V,N)=TS—PV+uN. (15
mine this functional dependence for a given system. Agptracting Eq(9) from the differential of Eq(15) yields
knowledge ofE(S,V,N) completely characterizes the ther- the Gibbs—Duhem relation
modynamic state of the system. For this reag¢8,V,N) is

called thestate functiorfor the system. 0=SdT-VdP+Ndp. (16)
Because changes in the enerByare characterized by For some purposes, the s, ¥,N) rather than §,V,N)
changes irS, V, andN, we have from Eq(8): is a more natural set of variables. In this case, the appropriate
JE JE JE thermodynamic potential is the Helmholtz free enefgy
=-— — — Combining Eqgs(3) and(15) yields
dE= —=dS+ - dV+ —dN. 9) g Egs(3) and(15) y
F=E-TS (17)
A comparison of Eqs(7) and(9) leads to the identifications ) o
Using Eq.(10) and Eq.(17), dF satisfies
JE JE JE
=| — =—|— =|— F=dE-T T=—-SdT-PdV+ udN 1
T 7S, aV)SN, “ (aN)sv' (10 dF=d dS-Sd Sd dV+ wdN, (18

. which is consistent with the natural set of variabl&@s\(,N).
The Maxwell relations are a consequence of the fact thag jke E(S,V,N), F(T,V,N) is a state function. Note that
the order of the cross derivatives B(S,V,N) does not mat- 4r=0 for a system at fixed/ and N in contact with a
ter. Hence, from Eq(8) to (10), we have thermal reservoir that fixes. Further, at fixedl andN, the

J’E  &°E <3P> (ﬁT) work dW= —PdV done on the system equal$. This re-
9GS T VA o] Tlav ; lation is the origin of the terminologfree energy
IS VIS 3Slyn 1N sn Equation(17) is the Legendre transformatioof the en-

92E E (a,u) ( aT) ergy and enables us to go from a function with natural vari-
= —=| == (11)  ables §,V,N) to one with natural variablesT(V,N). The
ISIN-— INIS IS V,N MNsy variablesS andT are said to belual to one another, as are
9E 9E (aP (!M) the variablesv and P and N and u. If a system has two
= = == . possible states with the sarie V, andN, the state with the
NV IVoN N SV N SN lower free energy~(T,V,N) is thermodynamically stable.
These relations guarantee that integrals al&rin S, V, N Using its natural variables, E(3) for F may be written as
space are path independent. F(T,V,N)=—PV+ uN. (19)

Because the energy is an extensive quantity, it sattsfies ) o _ ) )
By taking two cross-derivatives with respect to its variables,
E(aS,aV,aN)=aE(S\V,N), (12 we can derive three new Maxwell relations from the free

for arbitrarya> 0. That is, scaling the extensive quantitgs ~ €NerayF(T,V,N).

V, and N also scales the extensive quantiy which de-

pends uporS, V, andN. Note thatT, P, and x are un- V. RELATING THERMODYNAMICS AND
changed because this scaling corresponds to a system thati&ONOMICS

a times larger. Differentiating the left-hand side of E2)

with respect toa, and then using both Eqé12) and (10), Our goal in making an analogy between economics and

thermodynamics is to provide a theoretical framework so

gives that economics measurements can determine the functional
dE(aS,aV,aN) JE(aS,aV,aN) d(aS) dependence of the utility on the economic parameters that
da = a(aS) o specify the state of an economic system. A knowledge of the
state function as a function of the appropriate economic pa-
JE(aS,aV,aN) d(aV) rameters completely characterizes the economic system.
a(aV) Jar From the economic relations introduced in Sec. |, we have
JE(aS,aV,aN) d(aN) ¥=TS (20
d(aN) da and
JE(S,V,N) JE(S,V,N) U=TS+W=TS+AM+pN. (21
- IS S+ EIV; v A comparison of Eq(21) for U to Eq.(15) for E suggests
that, from the point of view of its natural set of variables, we
JE(S,V,N) have
+———-N=TS-PV+uN.
9N U=U(SM,N). (22)
(13 Relation(22) is our fundamental assumption.
Differentiating the right-hand side of E¢L2) gives The economic equivalent of EG7) is
dE(aS,aV,aN) dU=TdS+NdM+pdN, (23

=E(S,V,N). (14

da where
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au U The ratiom/p can be generalized to include the value of
T= 7S , A= M » P=IoN (24 currency, thus permitting the study of saving. Specifically,
M.N SN SM define

Let us now apply this theoretical structure. JU
In the The Wealth of NationsAdam Smith distinguishes m)\E(—) . (31
between two measures of utilitf. One measure is the M N
“value in exchange.” In economics it is conventional to
identify the value in exchange with the pripe From (24),
we take this measure to be tmearginal utility per good
dU/dN at fixedS andM. (This last statement is deceptive,
because we have not yet givéhan operational definitiop.

Then the ratio of value in use to value in exchange for
money,m, /\, takes on the same value agp for goods.

If we use Eq.(21) to relateW and U, the analogy to the
development associated wikhleads to

Another measure is the “value in use,” which is less readily ~ dw= —SdT+ dM+pdN, (32)
identified.
We will identify “value in use” with themarginal utility ~ Where
per good dUdN for another set of fixed variables. For sim- oW IW oW
plicity, we will take M to be fixed, but we cannot be explicit == A= M PEON (33

about the second variable that is to be held fixed, and will

simply denote it as. (Perhaps the second variableTisour It is implicit that two of the three quantitiesT( M, N) are
uncertainty about which variable is to be held fixed is anheld constant in the partial derivatives. From E82) we
echo of conventional economics, where the imprecise phras@ay write the functional dependence

“all other quantities held constant” is commonly invokgd.

From Eq.(23) we then have W=W(T,M,N). (34)
U IS Another standard economic relationship states that when
(—) =T<— +p. (25  an individual consumer interacts with the market, the price
N XM N XM (marginal cost per goods determined by the market. We

can obtain this result by assuming that, in equilibrium, the

total wealth of the consumer and of the market is maximized
t fixed temperature and money. Considering the market to
e a reservoir, we have from Eq(32)

One of the great triumphs of nineteenth century “margin-
alist” economic theory is the following statement: A con-
sumer will purchase goods subject to the condition that th
ratio of the value of any good in use to its prigdakes on a
common valué.This statement follows on _re_quiring that, for dW,=—S.dT,+\,dM, +p,dN, . (35)
fixed market values of goodd) be maximized for each ) N )
good. Fixed market value means that the goods 1 and 2 areubject to the conditiongdT=dT,=0, conservation of
exchanged in the marketplace subject to the condition money @M+dM,=0), and conservation of goodsiNl

+dN,=0), we find by adding Eq932) and(35) that

+ =(\— +(p— .
The maximization olU requires that dW+dW, = (A =A)dM+(p—p)dN (36
The right-hand side of Eq.36) is zero for arbitrary varia-
— ﬂ ﬂ tionsdM anddN only if the value of money to the consumer
0 dN;+ dN,. 27
INp N3 is the same as the value of money to the market\, .
Combining Eqs(26) and(27) then yields Similarly, for the value of a good, we haye=p; .
LU Note that Eq(1) gives the differential
17
Em=constant (28 dW=AdM+pdN+Md\+Ndp. (37)

for each good. Thus, as desired, the ratio of value in use t;l)’he consistency of Eq€37) and(32) requires that

price is a constant. 0=SdT+Md\+Ndp. (39

Using Eq.(25), Eg. (28) can be expressed as ) ) .
9 Ea.(25, Eq. (28 P Equation(38) is the analogue of Eq16), the Gibbs—Duhem
E ﬂ _I 8_8 relation. Among other things, it implies that a decrease in the
ploN/ , ploN

price of money or goodsas when the state of economic
development increases accompanied by an increase in the
From Eq.(29), the constancy of this ratio for all goods does economic temperature. This qualitative behavior is expected
not depend on whether the price is included in the computafrom conventional economic reasoning. Specifically, if all
tion of utility. The present formalism helps us focus on theprices and currency values are increased by a common fac-
issue of “what is held constant.” Lanh represent the value tor, then the system does not really change: By (88) the
in use(marginal utility per good, at fixed andM): temperature is simply increased by the common factor. How-
ever, Eq.(38) holds for more general variations. Note that
ﬂ 30 scaling by a factor of 2 means calling a one-dollar bill a
N : (30 two-dollar bill, etc. To really change the value of the dollar
M would require printing more dollars, which is a real cost that
Note thatm is specified in monetary units. From Eq28)  cannot be scaled away.
and(29), the ratiom/p has the same dimensionless value for Equation(38) has an important application. We can write
all goods. the change in the Marshallian surplogB=TS, as

+1=constant. (29
x,M

m=
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d¥=TdS+SdT=TdS-Md\x —Ndp. (399  hundreds of years before the qualitative thermometers based

) , . upon the height of a column of fluid were properly calibrated
We interpret the ternTdS as the change in the economic yqainst an absolute temperature scaleThe ideal gas law
value of leisure. We shall calldS the Veblenian surplus e the determination of absolute temperature a relatively
(for the economist Thorstein Veblen, known for his studiesgimple one. When it is applicable to real gases at low density
of leisure. As we will show shortly(and as is well-known to N/V and high absolute temperatue the ideal gas law,

economisty the term—Ndp is the change in the consumer’s PV=NksT, makes thermometry relatively easyg( is

surplus of good_s. We shall C.&H Ndp the Smithian Sl.”.plus. Boltzmann’s constaptHence, a measurement®fandN/V
(for the economist Adam Smith, who argued that efﬁmenmesgives.l. '

produced by specialization lead to such surpludakewise, It will be difficult to find an economic analogue to the

Ejhuee t?c:me;fi?:/ilgri\cigqsay rt;%l:r;t:drpgetesd :sia?z?t{éer\rz]\fey :ﬁ;ﬁ)llus‘ideal gas thermometer. One difference is that the speed of the
also call this currenf surplus aySn?ithian SUrplus particles of an ideal gas has no upper bound and a bounded
y surp plus. lower limit on its energy, whereas an economic agent has

To S‘I?e that;]NQp IS a surp;]lus, nrc])tef_that thedcost of inCre- 1o inded values for its wealth and utility. However, magnetic
mentally purchasing goodsvhere the first goods are scarce g,y hehave, for a limited range of temperatures, as if they

and, hence, costlyis [opdN, wherep(N), the price of the  haye only a finite number of energy levels.

Nth good, decreases d¢ increases(that is, dp/dN<0.) Common thermometry involves reading the height of a
However, when purchased all at once, the actual cost to theolumn of fluid or the position of a pointer attached to a coil
consumer isNp, the number of goods times the latest costof wire. Both of these quantities depend upon the thermal

per good. The difference is expansion coefficient. Other forms of thermometry depend
N p(N) upon other temperature-dependent variables. At room tem-

f pdN—Np=— J Ndp. (40) perature, these can be calibrated against another thermometer
0 p(=0) based on the ideal gas law. At lower temperature it is con-

The difference is positive, because for the limits of integra-Venie”t to use the carbon resistor thermometer; its electrical
resistance is a measure of the temperature. In the millikelvin
range, calibrations are done with thermometers that use cer-
tain magnetic salts. At very low and very high temperatures,
gt is difficult to perform any thermometry at all. We therefore
gpensider the general problem of how we can calibrate a mea-

tion in Eq.(40), dp is negative. Hence-Ndp is the change
in the consumer’s surplus of goods.

Equation(39) shows that there are two types of surplus:
the Veblenian surplus of leisure and the Smithian surplu
from efficiency due to specialization. These ideas are prese X
in economics, but we are unaware of any previous formaptrément of a measured quantifgr example, electrical re-
statement that relates the Marshallian, Veblenian, and SmittsiStancé which we W|II18caII 7, against an absolute thermo-
ian surpluses. Note that the statement of the constancy Gfynamic temperaturg. _

m/p for all goods purchased by a given consumer is the Recall that T=0 for all thermodynamic temperature
same as the statement that the ratio of Veblenian surplus p&fales. However, there is no absolute scale for temperature.
good to the price per good is a constant for all goods purBY setting(approximately 273 deg to be the freezing point
chased by a given consumer. of water, or using the temperature of the triple point of a pure

The following “Maxwell relations” are an immediate Material, we determine the Kelvin scale of temperaflie
consequence of the fact that the order of the cross derivativégn another planet, the thermodynamic temperature scale

of U=U(S,M,N) does not matter. Thus would be different, but only by a scale factor. If the inhab-
) 5 itants of the other planet called the freezing point of water
Fu U (a_p) _ (ﬂ) (41 546 deg, we would know that their temperatures are all twice
dSIN  INJS ISy VN as high as on the kelvin scale.

5 5 Determining the temperature scalln general, the ther-
U U o Ny [T (42 ~ Mmometer property depends off, P, andN. For this ther-
ISOM  IM IS S oM ' mometer, we must determine the thermodynamic tempera-
M,N S,N . . . .
ture T as a function ofr, V, andN. Our discussion is an

#U U py [N 43 ©xtension of Landau and Lifshit?, who consider a ther-
IMAIN  NOM N SV_ M | N' (43) mometer that measures a quantitgepending only upon the
, ) ' temperaturel: 7= 7(T).
In economics, these relations are known &dutsky Consider a measurable quantity, the heat ggiv=TdS

conditions'®*’ They guarantee that integrals o\ in S, and how it varies with a change in pressure at fixed tempera-
N, M space are path independent. Similar Slutsky conditiongyre T and fixedN. We will find it helpful to employ the
can be derived fronW, for which the natural variables are following Maxwell relation[based on the Gibbs free energy
T, M, andN. Equations(41) and(42) are new, Eq(43) is  G(T,P,N)=E—TS+PV]:
already known in a form where the dependence on entropy is
not made explicit. The addition of the variabl@sand S
helps makes more precise the meaning of the phrase “all
other quantities held constant.” _(5_5) :(ﬂ) (44)

P T,N al P,N.
V. THERMOMETRY IN THERMODYNAMICS

We have so far assumed that economic “temperature” is a
well-defined quantity. However, in thermodynamics it took From Eq.(44) we can write
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dQ S FAYS which follows on substituting Eq.23) in the differential of
-] =T =- Eq. (50). Then
T,N T,N P,N

P P aT
2 2
N\ |[or i id
=—T<—) (—) ) (45) (a)\aT) :(aTa)\ ‘ 2
T PN aT PN N N
which can be re-arranged to read which leads to
—_ — :——'Ef T,P,N . 46 _ = —
T(&T oy @QiaPyy PN “9 (m\ - (aT)AN' 53

The left-hand side of Eq(46) is at fixed P and N, thus Using Eq.(53) anddQ=TdS we have
explaining the notatiori(7,P,N). Equation(46) tells us that

the fractional change in temperature can be expressed in [ 5Q JS IM
terms of the measurable quantitigs,P,N) anddr. We can (ﬁ) = (5) = _T(ﬁ)
integrate Eq(46) to obtain TN TN AN
T T (&V/&T)pN - (aM) (0”7')
In—=f f(r,P,N)d7, f(7,P,N)=— ——oi—, =—Tl— |75 (54)
To Jo (7 ydr (7 ) (0Q/P)1 N 9T\ N a AN

(47)  which can be re-arranged to read

wheredQ=TdS In this way we can obtain the temperature 1/T (OM/I7)\ N
scaleT asT=T(r,P,N) in terms of measurable quantities. T(E) =WEf(7,A,N). (55
By using fixedV and varyingN, we can obtairT(7,V, u) AN TN
via the relations The left-hand side of Eq55) is at fixed\ andN, so that
T - (IN1T) .y the right-hand side must be written ir_1 terms of the variables
InT—=J’ o(7,V,u)dr, g(r,V,,u)EM—’. 7, \, andN, thus explaining the notatiof(7,\,N). We can
0“7 (0Qfop)rv then integrate fronT, and the corresponding, to obtain
(48)
Thus there is more than one way to obtain a temperature |nl: fo(r,)\,N)dr, f(r,\,N)= M
scale. Equation$47) and (48) must be consistent with one To Jr (9QIIN) 1 N
another. (56)

The above discussio_n suggests at least eight ways to p%heredQETdSas usual. From Eq56) we can obtain, in
form thermometry. At fixedl', we measure the dependence principle, the temperature scal(r,\,N) in terms of the

of dQ on eitherdV or dP, and at elther_ﬂxedN or fixed u, measurable quantities \, N. We need to be able to measure
we measure the.dependenced@ on eltherdl_\l ordu at the quantities appearing in the expressionffor,\,N). Es-
either fixedV or fixed P. Two pairs of these eight measure- o ia)y difficult to measure is the change in the Veblenian
ments lead tar as a function of the same fixed variables. surplus,dQ=TdS By Eq. (24), this quantity is also the
change in utility at fixed goods and money, and in that form
its measurability is the subject of debate among
VI. THERMOMETRY IN ECONOMICS economists? The present work is predicated upon the as-
sumption of the measurability of utility. Other forms of eco-
Having described some of the complexity of thermometrynomic thermometry that are perhaps more practical to imple-
in physics, we now indicate how to perform thermometry inment are possible by analogy to thermometry in
economics. To do so, it is essential that we be able to meghermodynamics.
suredQ=TdS the Veblenian surplus, and that we have a
quantity that can serve as a thermometer. By §), we
have

TdS=dU—\xdM—pdN. (49) In statistical mechanics we weight each microstateith

energyE, of a system in equilibrium with a heat reservoir by

o the factor exp{Es/T). This weight has the following desir-

ca\r,lvmealfurd QszhS h ic indi able properties: the probabilities for independent systems are
e will assume that we have some economic Indicator ,,sinjicative: and the energy of independent systems is both

that depends upoff, A, andN. To employ the relation ,qgitive and conserved in interactions between the system

7(T,\,N), we will require a new thermal Slutsky condition, and the reservoir. In this way we obtain the partition function
obtained using the economic analogue of the Gibbs free en-

ergy. We write Z=, e &IT, (57)
WT,p,M)=U—-TS—\M, (50) states
From Eq.(57), the free energy is defined via

VII. AN ANALOGY TO STATISTICAL MECHANICS

Hence, if we can measudU, A, dM, p, anddN, then we

whereV=pN is obtained by using Eq21) and is the mon-
etaryvalue of goods. Its differential satisfies Z=e "M (58)

dV=—SdT-MdA + pdN, (51 so that
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ciated with leisure.(Recall the difficulties associated with

_ ) _ state counting in physics before quantum mechanics defined
A knowledge ofF yields the thermodynamic properties of the unit of phase spage.

the physical system. FromF=E—TS, low temperature favor& minimization,

To make the analogy to economics, it is important to Not&yhereas high temperature favo8 maximization. Corre-

that the number of economic states is bounded from aboves’pondingly fromU =W+ TS, low economic temperature fa-

' for certain magneti Its. Moreover, an nomi : .
Just as for certa agnetic salts. Moreover, an economic,, .« maximization, whereas high economic temperature

agent will seek to maximize utility or wealttaccording to f S imization. F the vi 1t of imizat
what variables are held constanthereas a physical system 'aV0rss maximization. From he viewpoint of maximization,

will seek to minimize energy or free energy. Four possible~ F andU are analogous. This analogy is in contrast to our
weightings of economic states suggest themsel@s: earlier discussion, where and U are analogous from the
e YT (2) eV'T; (3) e W'T: and(4) eV'T. If the relationship ~ Viewpoint of natural variables. Note thek calculated from
U=W-+TSis to be maintained, thee’” ande W'T lead to  EQ.(62) will be written in terms ofT, which is not its natural
undesirable definitions whereby entropy is negative. Of thevariable. By use of W=U-TS, where S=[{(dT/T)
remaining two weightingse™ YT would appear to be the X(aU/dT)|un, the functionW(T,M,N) can be obtained,
most natural, because of the thermodynamic analogy. Howirom which the economics can be calculated.

ever,e YT is undesirable because it favors states of low Equation(65) can be made the basis of a theory of fluc-
utility (a minimization principlg and employs a quantity that tuations about economic equilibrium in analogy to the theory
is not conserved in economic exchanges. On the other handf fluctuations about thermodynamic equilibrium. For ex-
weighting bye"'T favors states of higher wealta maximi- ample, the fluctuationssN in the number of particleN
zation principle and employs a quantity that is conserved in satisfy}®

economic exchanges. This weight also is consistent with the
idea thatT is a measure of economic development. Low
temperature(less developedeconomies strive for higw
states whereas high temperatyhéghly developedl econo-
mies prefer variety, that is, economic states are equallyvhereT has the same unit@nergy asu. Analogously, the

F=—TInZ. (59)

Z\

(5N)2=Tﬁ, (66)

weighted.
Consider an economics microstaevith wealthWg. We
define the partition function

Z=, eWs/T, (60)

states

and the utilityU by

Z=e""T, (61)
so that
U=TInZ. (62

Making the usual assumption that the sum is dominated b

the most probable statéat the most probable wealthEqg.
(62) becomes

ZNFGW/T

r=> 1, (63

states

where the sum is over economic states with wealth
=W. Combining Eqs(60)—(63) yields

U=W+TInT. (64)

Hence, to agree witk2) and¥ =TS, we identify

S=InT. (65)

fluctuations SN in the number of gooddN have a mean
square average which satisfies

dN
%l

(6N)?=-T (67)
whereT has the same unit$or example, 1998 dollajsasp.
The derivative in Eq.(67), which appeared in our earlier
discussion of Eq(40), is proportional to theprice-elasticity
(p/N)oN/dp. Theif assumed that, for a given economic
agent, each good will satisfy a relationship similar to Eq.
(67). Although he did not give the coefficient of proportion-
ality, his economic intuition led him to suggest that the co-
efficient of proportionality should be the same for all goods.
(He did not include the concept of temperature in this con-

xt) Equation(67) goes beyond Thiel in predicting that the
luctuations increase for fixe#, if IN/Jp (akin to a suscep-
tibility or compressibility increases, and that the fluctuations
increase adJ increases, for fixedN/dp. Note that if(6N)?
and dN/dp can be measured for an equilibrium system with
Gaussian fluctuations, then E@7) could be used to deter-
mine the economic temperature.

VIIl. SUMMARY AND DISCUSSION

Assuming that the utility can be given a dollar value, so
that economic thermometry can be perfornigdprinciple),
we have developed an analogy between the economic quan-
tities surplus¥, utility U, and wealthw, and the thermody-
namic quantitiesTS, energyE, and Helmholtz free energy

Equation(65) is the economic analogue of the famous rela-F- N Sec. Il we tentatively made a common language iden-
tionship due to Boltzmann. It relates economic entropy tdification of T with the level of economic developmehiut

economic variety.

we have avoided a common language identificatio8.0fFhe

We will not explore how to count economic states, whichquantitiesT andS correspond, at least in part, to psychologi-
is a complex and difficult subject, involving considerationscal variables, which often are invoked in economic discus-
as complex as the determination of the “phase space” assaions of utility.
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This analogy has lead to a number of apparently new re¢4) Develop an alternate form of economic thermometry,
sults: an economic Gibbs—Duhem relation; the equating of wherer=7(T,M,N), in contrast tor=7(T,\,N) of Eq.

Marshallian surplus¥ to TS, the use of the economic (55).

Gibbs—Duhem relation to recast the Smithian surplug5) Develop a statistical mechanical model for the economic
—Ndp—Md\ asSdT: the equating offdS to increase in behavior of a rat with a fixed daily number of bar presses
utility at fixed goodsN and moneyM; the interpretation of and a choice between two fluids with the same nutri-

tional content but different flavors. Consider the fluctua-
tions in the number of bar presses. How does price effect
the fluctuations? How does temperature effect the fluc-
tuations?

TdS as Veblenian surplus; new and more precise Slutsky
relations; and the relationship between measurements of util-
ity and the establishment of an economic temperature scale.
We also developed an analogy to the relation between statis-
tical physics and thermodynamics. Moreover, E&p) can,
in principle, be used to study near-equilibrium fluctuations. ACKNOWLEDGMENTS
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PHYSICS ENVY

Other scientists at the meeting said they believed that population genetics is a robust science,
but that scientists studying molecular evolution must accept the nature of their research. “We are
really about documenting patterns and trying to explain those patterns. A lot of biology is inher-
ently descriptive,” Dr. Staton said.

“We all have physics envy,” said Rollin Richmond, a former student of Dobzhansky’s gnd
provost at the State University of New York at Stony Brook. “We can’t prove something the way
a physicist proves an electron exists. You have to have a tolerance for ambiguity.”

David L. Wheeler, The Chronicle of Higher Education, 14 February 1997.
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