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Abstract

Electron capture cross sections from excited states H(2s) and H(2p) by colli-
sions with H*, He?" and Li** ions are calculated using the eikonal
impulse and continuum-distorted-wave approximations at moderate and
high impact velocities. OQur results are compared with other theoretical
methods. A scaling rule in terms of the projectile charge is presented for
partial cross sections.

1. Introduction

Theoretical studies of charge transfer from the metastable
state H(2s) by collisions with protons and other charged
particles are needed for the interpretation of the physical
phenomena occurring in the controlled fusion plasmas and
astrophysical gases [1, 2]. Therefore, these collision systems
have been investigated in the last years. In the low energy
regime, the earliest theoretical works used the simple
Landau-Zener approximation [3, 4] or the close-coupling
method with molecular orbitals [5, 6]. At intermediate ener-
gies, two set of values can be mentioned: Classical Trajec-
tory Monte Carlo (CTMC) results as reported by Blanco et
al. [6], and recent close-coupling (CC) calculations using
atomic states reported by Esry et al. [7] and Toshima and
Lin [8]. At moderate and high energies, results obtained
with the eikonal approximation were published by Chan
and Eichler [9] but experimental data are not yet available.
The aim of this work is to extend the study of capture from
H(n = 2) for energies higher than those considered in the
previous reports. Atomic units are used.

We study the electron capture processes from H(2s) and
H(2p) using the prior version of the eikonal impulse (EI)
‘approximation. The impact velocity range considered corre-
sponds to the intermediate (Z, > v = Z/n;) and high (v >
Zp > Zy/n) energy regions, with Z; (Zp) being the target
(projectile) charge, v the impact velocity, and n; = 2 the prin-
cipal quantum number of the initial state; the value
Z1/n; = 0.5a.u. corresponds to the initial electronic velocity.
The EI approximation is a distorted wave method that
makes use of the exact impulse wave function in the final
channel and the eikonal wave function in the initial channel.
The method has already proven to be successful in dealing
with a variety of atomic collisions in which the target was
initially in the ground state [10-12]. To compare with, we
also calculate the continuum-distorted-wave (CDW)
approximation. At intermediate energies, the trends of the
EI and CDW results as the velocity decreases are compared
with the CC values corresponding to the highest energy
considered in Refs [7, 8].

The work is organized as follows. In Section 2.1, total
capture cross sections by impinging of H* and He? " projec-
tiles are investigated. Partial capture cross sections to the

n =4 level of He?* and Li** ions by collisions with H(2s)
are presented in Section 2.2. In Section 3, we derive a scaling
rule for the partial cross sections in terms of the projectile
charge. Finally, in Section 4 we compare the asymptotic
behavior of the first order (BK1) and the second order
(BK2) Brinkman-Kramers approximation, and estimate the
velocity where the double-collision mechanism becomes
dominant.

The following definitions are used: g, , is the partial cross
section corresponding to the transition from the initial state
i=n;l;m; to the final state f=n, I m,, 6, =Z,0; , is the
total capture cross section from the initial state i, and
o, 1 = X, 0,/(21; + 1) is the total capture cross section from
the n;l; subshell. Details of the calculations of the EI and
CDW approximations can be found in Refs [10] and [13],
respectively.

2. Results
2.1. Total capture cross sections

We calculate the partial cross sections for capture from
H(2s) and H(2p) to the final levels n; =1 —4 of H™ and
He?* ioms. Total capture cross sections are obtained by
employing an extrapolation rule for large n, derived in Ref.
[11].

Total capture cross sections from H(2s) by protons and
alpha particles are shown in Figs 1(a) and 1(b), respectively.
In both cases we compare the tendency of the EI results as
the velocity is decreased with the CC calculations corre-
sponding to the highest energies considered in Ref. [7].
These CC values are presumed to be the most reliable ones
in the velocity range [0.1, 0.8] a.u. For proton impact, Fig.
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Fig. 1. Total capture cross section as a function of the impact velocity for
protons (a) and alpha particles (b) colliding with H(2s). Solid line, EI
results; long-dashed line, CDW results; short-dashed line, BK1 results;
dotted line, CC calculations of Esry et al. [7]; hollow squares, results of
Chan and Eichler [9]; filled triangles, results of Blanco et al. [6]; hollow
circles, results of Jouin and Harel [14].
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1(a), the EI curve seems to have the same slope as the CC
calculations [7] but lying below them; while for alpha par-
ticles, Fig. 1(b), the EI results display good agreement with
the CC values. In Fig. 1(b) we also show the CTMC results
reported by Blanco et al. [6] and the molecular CC calcu-
lations of Jouin and Harel [14]. The eikonal results of Chan
and Eichler [9] nicely connect the theoretical methods of
high energies with those of intermediate energies. The
eikonal approximation is supposed not to include the
Thomas mechanism but this mechanism is only dominant at
very high impact velocities, as studied in Section 4.

To check the performance of the EI theory we also calcu-
late the CDW approximation. From Fig. 1 the CDW results
converge to the EI curves as the velocity increases and run
upon the CC values at intermediate energies. The BK1 cross
sections are plotted only as reference at high energies with
the aim of estimating the influence of multiple collision
mechanisms. The large discrepancy between BK1 and EI (or
CDW) approximations for v > 2a.u. clearly suggests the
importance of the double mechanism at high energies.

Total capture cross sections from H(2p) by collisions with
protons and alpha particles are plotted in Figs 2(a) and 2(b),
respectively. As in Fig. 1 we compare the behavior of the EI
and CDW curves for intermediate velocities with the limit
values of the CC calculations of Ref. [7]. The EI curves do
not tend to the CC ones as the velocity decreases. The
CDW values run upon the EI results for velocities lower
than 1.5a.u. and cross the CC curves. For proton projectiles
the CDW and CC curves cross each other at v ~ 0.8a.u.
showing different slopes. At high energies EI and CDW
results run together. Results for Li** projectiles are not dis-
played because there are no CC results available to compare
with.

2.2. Partial capture cross sections to n; = 4

In Figs 3 and 4 we plot partial cross sections corresponding
to the level n; = 4 for He?™ and Li** projectiles, respec-
tively, impinging on H(2s). These contributions to individual
n,l, final states are of interest in astrophysical and ther-
monuclear plasma applications. The trends of the EI and
CDW results as the velocities are decreased are compared
with the CC calculations of Esry et al. [7] for He?" and
Toshima and Lin [8] for Li**. As in the previous sub-
section we also displayed BK1 results. For the sublevels 4s,
4p, and 4d the EI and CDW approximations present kinks,
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Fig. 2. Total capture cross section as a function of the impact velocity for
protons (a) and alpha particles (b) colliding with H(2p). Notation as in
Fig. 1.
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Fig. 3. Partial capture cross section to different n, = 4 final states for colli-
sions of He?* projectiles on H(2s) as a function of the impact velocity.
Notation as in Fig. 1.

which are probably related to the number of nodes of the
radial final wave function. Such kinks do not leave any foot-
print at the level of the capture cross section to the shell
n; = 4, as shown in Fig. 5. They counterbalance each other
when partial cross sections are added to give a smooth total
cross section. Again, the EI and CDW cross sections

' ]
el ]
.
-16 N
—~ 0 > 3
NE \'\.‘
o 1077 A 4
s .
g 10748 A 4
= N\
o . 4s <
-9 \
f L ]
72} [} \“‘
)
I
o 10-20 .
S 0.5 1 2 3
m T
-
S
=
o 10°'% L
=]
(&
-16
— qo-f6 L
'U
ey
A
O ¢o-'7L
o
1™ 18
107" L
10720 .
0.5 1 2 3

velocity (g.u.)

velocity (a.u.)

Fig. 4. Similar to Fig. 3 for Li®* projectiles. Notation as in Fig. 1, except
that dotted line now denotes the close-coupling calculations of Toshima
and Lin [8].
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Fig. 5. Partial capture cross section into the final level n, = 4 for collisions
of He?* and Li** ions on H(2s) as a function of the impact velocity. Nota-
tion as in Figs 3 and 4.

approach the CC results as the velocity decreases from
below and above, respectively.

As it is usual in the performance of the CDW and EI
methods, they tend to the same limit for high impact ener-
gies but for intermediate energies they become larger and
smaller than the CC results, respectively. Before proceeding
to the next section, one question should be answered: What
method, the CDW approximation or the EI one, is the more
reliable in the range of energies considered here? Since there
are no available experiments, we are forced to compare both
theoretical methods with the CC calculations of Lin and
collaborators for the intermediate energies. However, from
this comparison no definitive answer can be achieved
because in most of the cases when a numerical agreement is
found, the slopes are different. Certainly, for 2p — initial
state the CDW approximation seems to have a better per-
formance than the EI one as both methods are compared
with CC values of Esry et al. [7]. A further question can be
posed: Is the highest-energy extreme of the CC curves dis-
played in Figs 1-5 correct? If the atomic basis set is not
complete enough, the CC calculations will tend to the BK1
values for high energies. It could explain the different cross-
ing slopes between the CDW and CC curves.

3. Scaling rule

In Refs {11, 12] we derived scaling rules for partial capture
cross sections by multicharged ions colliding with H(1s) and
He(1s?) in the high and intermediate energy region. A large
amount of results was plotted in a comprehensible way
using the proposed scaling. Although the scaling was
obtained from the EI approximation, many other theoreti-
cal methods, including the CDW approximation, also verify
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it. In the present section we extend the scaling rule for
capture from the initial level n; = 2.

At intermediate and high impact energies, the EI capture
cross sections from the initial state i = n;[;m; into a given

ng-level, o7, , satisfy:

U A (1)
b S TCEZ T TR

where

C(a) = exp (na/2)T(1 — ia) (2)

is the Coulomb factor coming from the asymptotic condi-
tions. Uy, ;, n,(WP,) denotes a universal function depending
on the target charge Z; (in our case Z; = 1), on the initial
state i and on the principal quantum number of the final
shell n,. The parameter W, is the scaled transfer momen-
tum

We, 2+72-1
ﬂ/}’,="#= f s
Zp 27

(3)

with Wp_ being the component of the usual transfer momen-
tum of the projectile parallel to the incident velocity vector
[15]. The scaled parameters (denoted with tildes) are defined
as
z
5P=_P, 5=Tv‘, ZIr=
ng Zp

Zg/n

Zp

)

The only difference between eq. (1) and the one derived in
Refs [11, 12] is the presence of Z7 2% instead of 7. This new
expression allows us to consider capture from initial states
with /; # 0. In the derivation of eq. (1) fully stripped projecti-
les were considered, and the condition Z; < 1 was employed
at intermediate velocities. Thence, the validity range of the
proposed scaling is given by £; < 1 in the intermediate and
high energy region, and Z; > 1 in the high energy region.

In Fig. 6(a) we show the scaled cross section for capture
from H(2s) to the final levels n, =1 — 4 by H*, He?*, and
Li** projectiles, as a function of the scaled transfer momen-
tum Wp,. As it was observed for electron capture from the
ground state [11], all the results corresponding to the 2s-
initial state for different final shells can be gathered in a
narrow strip, showing a smooth variation of the function
Uzrin f(WP,) with n,. Along with the EI results we plot in
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Fig. 6. Scaled partial cross section, S,, , , given by eq. (1) for capture from
H(2s) to the final levels n, = 1 — 4 as a function of Ws,. (a) EI results (the
numbers show the corresponding projectile charges Z,); filled circles, CC
calculations of Esry et al. [7] (Z, =1 with n, =2, 3 and Z, =2 with
n, =3, 4) and Toshima and Lin [8] (Z; =3 with n, = 4); (b) filled tri-
angles, CDW results for Z, = 2, 3.
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Fig. 6(a) the CC results of Esry et al. [7] for capture to
n, = 2,3 by protons and to n, = 3,4 by alpha particles, and
those of Toshima and Lin [8] to n, = 4 by Li** projectiles.
In all the cases the velocities considered are 0.6a.u. and
0.8 a.u. These CC results verify the scaling quite well, though
the velocities considered by Esry et al. [7] for protons are
out the validity range of our scaling.

In Figs 7(a) and 8(a) we show the scaled cross sections as
given by eq. (1) for capture from the initial states 2p, and
2p, of hydrogen, respectively. In both cases, the EI results
for final levelsn, = 1 — 3 of H*, He?*, and Li** projectiles
can be enclosed within a thin strip as they are plotted as
function of the scaled transfer momentum W;,_ . Note that in
Figs 7 and 8, the EI results corresponding to the energy
region 1 > > Z; are not included because in this region
the band corresponding to n, = 1 escapes from the univer-
sal trend. A priori one does not have evidence to infer the
dependence of U, ; ,(Wp,) with ng; the light variation with
n, observed for the initial states with /; = 0 is an important
finding, which may save a lot of computing time. It is also
interesting to note that the values discarded (the ones
satisfying 1 > § > Z;) are precisely those that underestimate
the results of Esry et al. [7] in Fig. 2. We also find that all
the results fall within a relatively-thin strip if scaled cross
sections of the initial states 2, and 2p, are plotted together.
This behavior show a weak dependency of the scaling
curves with the initial magnetic quantum number m,.

In Figs 6(b), 7(b) and 8(b) we show CDW results calcu-
lated by using the same scaling and for the same parameters
as in Fig 6(a), 7(a) and 8(a), respectively. It can be observed
that the CDW approximation verifies the proposed scaling,
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Fig. 7. Scaled partial cross section, S,,,,,,, given by eq. (1) for capture
from H(2p,) to the final levels n, = 1 — 3 as a function of W},'. (a) EI results
(the numbers show the corresponding projectile charges Zp); (b) filled tri-
angles, CDW results for Z, = 2, 3.
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even with less spread than the EI one. In all cases, the CDW
universal curve is in good agreement with the EI one for
Wp, 20, and they separate each other as Wj, becomes
negative.

4. High-energies limits

In electron capture processes at very high impact energies it
is widely recognized that the contribution from the BK2
cross section dominates the contribution from the BK1 one
[16, 17]. The BK1 approximation only gives us a quick ref-
erence of the simplest approach, while the BK2 one provides
the contribution of the double-scattering mechanism. A sys-
tematic study of the charge transfer process with BK1 and
BK?2 approximations was published by Briggs and Dubé
[18, 197 some years ago. These authors investigated the
capture from 1s-state to different final states. In this Section
we extend their study for capture from n; = 2.

We study the asymptotic forms of BK1 and BK2 cross

sections, 675! and 67%*, respectively, for high but non-

relativistic velocities. The asymptotic forms 675! and 6757
have the following expressions:
Z5+2h z5+2ly
ABK1 __ T P
67 =45 127 20T 2l 7, &)
and
ABK2 __ Bm‘li,n[l[ Y™(60° 2 m(60° 2
o0,f = il | t;( ) |th( )% (6)

The coefficient 4; , has a close-form, depending only on the
initial and final quantum numbers, n;l;m; and n,l m,,
respectively. The coefficient B, ,,, depends on the
quantum numbers n;,l;, nyl;, and on Z; and Zp. The
angle of 60° appearing in the Spherical Harmonics in eq, (6)
is according to the classical description of the double-
scattering process given by Thomas [16]. In this description
the electron scatters off the projectile ion through 60° with
respect to the beam direction, and then through 60° off the
target nucleus in such a way as to leave the electron with
almost zero momentum with respect to the projectile
nucleus. The relation between the classical and the quantum
descriptions of this mechanism was set up by Shakeshaft
[20]. Some values of 4; , and B, ., of interest here are
listed in Tables I and II, respectively.

The asymptotic forms 675" and ¢7%? allow us to estimate
the energy where Thomas mechanism starts being domi-

Table 1. Coefficients A, ; (in au.) corresponding to the
asymptotic form of BK1 capture cross section given by eq. (5)

Initial states

Final states 1s 25 2p, 2p,

1s 5.24 (+4) 6.55 (+3) 187 (+4) 1.56 (+3)
2s 6.55 (+3) 8.19 (+2) 234 (+3) 195 (+2)
2P, 1.87 (+4) 234 (+3) 7.28 (+3) 4.55(+2)
2ps, 1.56 (+3) 1.95 (+2) 4.55(+2) 6.50 (+1)
3s 1.94 (+3) 243 (+2) 6.93 (+2) 578 (+1)
3po 6.58 (+3) 8.22 (+2) 2.56 (+3) 1.60 (+2)
3pey 548 (+2) 6.85 (+1) 1.60 (+2) 228 (+1)
3d, 2.68 (+3) 3.35(+2) L12 (+3) 495 (+1)
3d,, 5.68 (+2) 7.10 (+1) 1.86 (+2) 207 (+1)
3d,, 406 (+1) 507 (+0) 1.03 (+1) 1.94 (+0)
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Table II. Coefficients B, »,.1, (in a.u.) corresponding to the
asymptotic form of BK2 capture cross section given by eq. (6)

Initial states

Final states 1s 2s 2p

Is 9.97 (+4) 1.20 (+4) 3.08 (+2)
2 1.20 (+4) 1.85 (+3) 325(+1)
2p 3.08 (+2) 325 (+1) 3.25(+1)
3 3.65 (+3) 6.70 (+2) 197 (+1)
3p 1.03 (+2) 240 (+1) 8.51 (+0)
3d 1.44 (+0) 132 (+0) 1.70 (+0)

nant. By using egs (5) and (6) we calculate the crossing
velocity, v,, at which the v™!! term corresponding to 67%?

becomes bigger than the v~ 1272472l term corresponding to
6P%1; namely
615 (c) = 61 ). ™)

For capture from the ground state Dubé and Briggs [19]
found that the larger [, the smaller v,. The relative impor-
tance of the double scattering is emphasized for capture
from n; = 2. We find that v, falls down drastically when [, is
increased. For example, for proton on hydrogen collisions
the transition 2p, — 1s gives v, = 15.8 [19], while the tran-
sition 2p, - 2p, gives v, = 3.8 and 2p, »3d,, v, =24
Note that velocities where the second Born approximation
strongly contributes are included in the high-energy extreme
of our range of interest. On the other hand, if the CC calcu-
lations were extended to velocities v ~ v, the intermediate
states that contribute decisively to 675 (namely the
continuum) should be properly described, so the basis set of
work might be quite large.

It is known for years that the BK1 cross section contains
the appropriate parametric dependence, even though its
absolute value is quite large, as it is observed in Figs 1-5.
We can easily prove that the asymptotic form 675! satisfies
the scaling rule proposed. For large velocities Wp, =
We./2p ~ (v/2)/Zp and C(Zp/v) ~ 1. Then we can rewrite eq.
(5) as
65 = Zp-1-aUZs 1 n (W), ™

which is precisely the scaling rule discussed in Section 3.

5. Conclusions

We have calculated total and partial capture cross sections
from excited states H(2s) and H(2p) by collisions with H™,
He?* and Li** ions, by using the EI and CDW approx-
imations at moderate and high impact velocities. After com-
paring these results with other theoretical values and with
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the highest-energy extreme of existing close-coupling calcu-
lations, we conclude that for capture from H(2s) the EI and
CDW approximations produce acceptable performances.
For total capture from H(2p) the EI approximation seems
to give small values at intermediate energies if compared
with the CC and CDW calculations. Beside this theoretical
contrast, experimental data should be desirable to extract
definitive conclusions.

We have also proposed a scaling rule in terms of the pro-
jectile charge for the partial cross sections. It allows us to
plot results for different projectiles and final levels on a uni-
versal band. This rule is not only satisfied by the EI values
but also by the CDW and CC calculations.

Finally, we have estimated the relative importance of the
double scattering over the single scattering mechanism for
capture from n;, = 2. We have found that the double mecha-
nism contributes drastically for the highest velocities con-
sidered in this work.
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