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CLASE 6: Ecuación de Dirac
Temas: Ec. Klein Gordon, Ec. de Dirac, soluciones. 

motivación: antipartículas, energías de los aceleradores, dinámica de los quarks….

O.Klein W. Gordon (1926)

E → iℏ ∂
∂t

⃗p → − iℏ ⃗∇
E2 = c2p2 + m2c4

Schrödinger (1925):   

E → iℏ ∂
∂t

⃗p → − iℏ ⃗∇
E =

p2

2m
iℏ

∂ψ
∂t

= −
ℏ2

2m
∇2ψ |ψ |2 ≡ ρ

iℏ ψ*
∂ψ
∂t

+
ℏ2

2m
ψ*∇2ψ = 0

−iℏ ψ
∂ψ*
∂t

+
ℏ2

2m
ψ ∇2ψ* = 0

−

iℏ
∂(ψ*ψ)

∂t
+

ℏ2

2m
(ψ*∇2ψ − ψ ∇2ψ*) = 0

iℏ
∂ρ
∂t

+
ℏ2

2m
⃗∇ ⋅ (ψ* ⃗∇ ψ − ψ ⃗∇ ψ*) = 0

∂ρ
∂t

+ ⃗∇ ⋅ ⃗J = 0 ⃗J ≡
ℏ

2mi
(ψ* ⃗∇ ψ − ψ ⃗∇ ψ*)

−
∂
∂t ∫ dV ρ = ∫ dV ⃗∇ ⋅ ⃗J = ∫ dS ⃗J ⋅ ̂n

= |N |2

(p. libre)

=
⃗p

m
|N |2

(p. libre)

−ℏ2 ∂2ϕ
∂t2

= − c2ℏ2 ∇2ϕ + m2c4ϕ

ℏ = c = 1
□ ≡ ∂μ∂μ ( □ + m2) ϕ = 0



CLASE 6: Ecuación de Dirac

E → iℏ ∂
∂t

⃗p → − iℏ ⃗∇

pμ = (
E
c

, ⃗p ) pμ = (
E
c

, − ⃗p )

xμ = (ct, ⃗x )

pμ ⟶ iℏ∂μ ≡ iℏ
∂

∂xμ

xμ = (ct, − ⃗x )

μ = 0
E
c

⟶ iℏ
∂

∂(ct)

μ = i −pi ⟶ iℏ
∂

∂xi

ϕ*KG − ϕKG* →
∂
∂t [i (ϕ*

∂ϕ
∂t

− ϕ
∂ϕ*
∂t )] + ⃗∇ ⋅ [−i (ϕ* ⃗∇ ϕ − ϕ ⃗∇ ϕ*)] = 0

ρ ⃗J

Jμ ≡ i (ϕ*∂μϕ − ϕ∂μϕ*) “covariantosa”

∂μJμ = 0

partícula libre: ϕ = Nei ⃗p ⋅ ⃗x −iEt

{ ρ = 2E |N |2

⃗J = 2 ⃗p |N |2 Jμ = 2pμ |N |2
si ρ = cte  no es invariante!∫ d3x ρ (d3x ⟶ 1 − v2 d3x)

si N = cte  ρ ∼ E  E = ± p2 + m2



CLASE 6: Ecuación de Dirac

W. Pauli  V. Weisskopf (1934)

Jμ ≡ ie (ϕ*∂μϕ − ϕ∂μϕ*)
   densidad de cargaρ

   corriente eléctrica⃗J

R. Feynman E. Stückelberg (1941)

e− : −e, E, ⃗p Jμ
e− = − 2e (E, ⃗p )

e+ : e, E, ⃗p Jμ
e+ = 2e (E, ⃗p ) = − 2e (−E, − ⃗p )

  dos “estados” de la misma entidade− e+

e−i(−E)(−t) = e−iEt solución  que fuera hacia atrás en el tiempoE < 0
 solución  que va hacia adelante∼ E > 0

t

x

t

x

t1

t2 t2 E < 0

t1

t

x

≡ t1

t2 e−e+ creación/aniquilación ~ 
transiciones sgn(Ei) ≠ sgn(Ef )



CLASE 6: Ecuación de Dirac

P.A.M. Dirac (1927)

−ℏ2 ∂2ϕ
∂t2

= − c2ℏ2 ∇2ϕ + m2c4ϕec. K-G

iℏ
∂ψ
∂t

= −
ℏ2

2m
∇2ψec. S

H = … c ⃗p +… mc2

H = c ⃗α ⋅ ⃗p + β mc2
E → iℏ ∂

∂t

⃗p → − iℏ ⃗∇
iℏ

∂ψ
∂t

= − iℏcαi
∂ψ
∂xi

+ βmc2ψ

E2 = c2p2 + m2c4

H2ψ = (c αi pi + β mc2) (c αj pj + β mc2) ψ

= (c2α2
i p2

i + c2(αiαj + αjαi)pipj + (αiβ + βαi)pimc3 + β2m2c4) ψ

α2
i = 1 β2 = 1{αi, β} = 0{αi, αj} = 2δij

 y  no son números:αi β
matrices hermíticas, autovalores ,±1 traza nula,

αiβ + βαi = 0 αi = − βαiβ tr[αi] = − tr[βαiβ]
tr[αi] = − tr[αi] dimensión par, 4x4
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representación de Dirac-Pauli

↵i =

0

BB@

1

CCA
σi

σi

0

0
� =

0

BB@

1

CCA
0

0

1 0
0 1

−1 0
0 −1

representación de Weyl

↵i =

0

BB@

1

CCA
−σi

σi

0

0
� =

0

BB@

1

CCA

1 0
0 1

1 0
0 1

0

0

H = c ⃗α ⋅ ⃗p + β mc2

ψ =

ψ1
ψ2
ψ3
ψ4

ψ† ≡ (ψ*1 , ψ*2 , ψ*3 , ψ*4 )4 sol. l.i. (?)

 ?ρ ≥ 0ψ†ψ, ψ†βψ, ψ†αiψ



CLASE 6: Ecuación de Dirac

iℏ
∂ψ
∂t

= − iℏcαi
∂ψ
∂xi

+ βmc2ψ

⟶ ψ†D iℏ ψ† ∂ψ
∂t

= − iℏc ψ†αi
∂ψ
∂xi

+ mc2 ψ†βψ

D†ψ ⟵ −iℏ
∂ψ†

∂t
ψ = iℏc αi

∂ψ†

∂xi
ψ + mc2 ψ†βψ

restando m.a.m.

−

iℏ
∂(ψ†ψ)

∂t
= − iℏc

∂(ψ†αiψ)
∂xi

= − iℏc ⃗∇ ⋅ ψ† ⃗α ψ

∂ρ
∂t

= − ⃗∇ ⋅ ⃗J ⃗J ≡ c ψ† ⃗α ψ  ρ ≡ ψ†ψ ≥ 0

⟶
β
ℏ

D iβ
∂ψ
∂t

= − icβαi
∂ψ
∂xi

+
mc2

ℏ
ψ

γμ ≡ (β, β ⃗α ) (iγμ∂μ −
mc2

ℏ
) ψ = 0

ℏ = c = 1
⟶ (iγμ∂μ − m) ψ = 0 “covariantosa”

{γμ, γν} = γμγν + γνγμ = 2gμν

γ0 ≡ β γ0† = γ0 (γ0)2 = 11

γk† = (βαk)†= α†
k β†= αkβ = − βαk = − γk

(γk)2 = − 11

ψ ≡ ψ†γ0

Jμ ≡ ψγμψ {
J0 = ψγ0ψ = ψ†γ0γ0ψ = ψ†ψ = ρ

Ji = ψγiψ = ψ†γ0γiψ = ψ†αiψ = ⃗J
∂μJμ = 0



CLASE 6: Ecuación de Dirac

soluciones de la ec. de Dirac iℏ
∂ψ
∂t

= − iℏcαi
∂ψ
∂xi

+ βmc2ψ

iℏ
∂ψ
∂t

= βmc2ψ⃗p = 0 � =

0

BB@

1

CCA
0

0

1 0
0 1

−1 0
0 −1

∂
∂t

ψ1
ψ2
ψ3
ψ4

= − i
mc2

ℏ

ψ1
ψ2

−ψ3
−ψ4

ψ (1) = e−i mc2 t
ℏ

1
0
0
0

4 sol. l.i. ψ (2) = e−i mc2 t
ℏ

0
1
0
0

ψ (3) = e+i mc2 t
ℏ

0
0
1
0

ψ (4) = e+i mc2 t
ℏ

0
0
0
1

E = mc2

E = − mc2

2 sol. l.i.  ?E > 0



CLASE 6: Ecuación de Dirac

soluciones de energía negativa

E

0

mc2

−mc2

todos los estados , y como son fermiones …E < 0

E

0

mc2

−mc2

ΔE ≥ 2mc2

e−

e+

creación y aniquilación de pares partícula-antipartícula

e−

e+

e−

e+



CLASE 6: Ecuación de Dirac

recapitulación:

E → iℏ ∂
∂t

⃗p → − iℏ ⃗∇

H = c ⃗α ⋅ ⃗p + β mc2 E2 = c2p2 + m2c4

α2
i = 1 β2 = 1 {αi, β} = 0{αi, αj} = 2δij

ψ =

ψ1
ψ2
ψ3
ψ4

Hψ = Eψ
2 sol. l.i.  E > 0

2 sol. l.i.  E < 0
 ρ ≡ ψ†ψ ≥ 0

ψ (1) = e−i mc2 t
ℏ

1
0
0
0

ψ (2) = e−i mc2 t
ℏ

0
1
0
0

ψ (3) = e+i mc2 t
ℏ

0
0
1
0

ψ (4) = e+i mc2 t
ℏ

0
0
0
1

E = mc2 E = − mc2



CLASE 6: Ecuación de Dirac

soluciones de la ec. de Dirac iℏ
∂ψ
∂t

= − iℏcαi
∂ψ
∂xi

+ βmc2ψ

⃗p ≠ 0 [H, ⃗P ] = 0 {
⃗P ψ = ⃗p ψ

Hψ = Eψ
−iℏ ⃗∇ ψ = ⃗p ψ

iℏ
∂
∂t

ψ = Eψ

ψ( ⃗x , t) = u(p, E) e
i
ℏ ⃗p ⃗x e− i

ℏ Et u(p, E) espinor de 4 componentes 

= u(p, E) e− i
ℏ pμxμ

(c ⃗α ⋅ ⃗p + β mc2) u( ⃗p , E) = E u( ⃗p , E)

( mc2 c ⃗σ ⋅ ⃗p
c ⃗σ ⋅ ⃗p −mc2 ) (uA

uB) = E (uA
uB) mc2uA + c ⃗σ ⋅ ⃗p uB = EuA

c ⃗σ ⋅ ⃗p uA − mc2uB = EuB

c ⃗σ ⋅ ⃗p uB = (E − mc2) uA

c ⃗σ ⋅ ⃗p uA = (E + mc2) uB

uA =
c ⃗σ ⋅ ⃗p

(E − mc2)
uB

uB =
c ⃗σ ⋅ ⃗p

(E + mc2)
uA

uA =
c2( ⃗σ ⋅ ⃗p )( ⃗σ ⋅ ⃗p )

(E − mc2)(E + mc2)
uA

( ⃗σ ⋅ ⃗A )( ⃗σ ⋅ ⃗B ) = ⃗A ⋅ ⃗B + i( ⃗A × ⃗B ) ⋅ ⃗σ

uA =
c2p2

(E2 − m2c4)
uA E2 = c2p2 + m2c4

u(p, E) = (uA
uB) ↵i =

0

BB@

1

CCA
σi

σi

0

0
� =

0

BB@

1

CCA
0

0

1 0
0 1

−1 0
0 −1



CLASE 5: Ecuación de Dirac

soluciones de la ec. de Dirac

uA =
c ⃗σ ⋅ ⃗p

(E − mc2)
uB

E > 0 uA = (1
0), (0

1) uB =
c ⃗σ ⋅ ⃗p

(E + mc2)
uA

ψ (1)( ⃗x , t) = N

1
0

1
0

e− i
ℏ pμxμ

( c ⃗σ ⃗p
E + mc2 )

ψ (2)( ⃗x , t) = N

0
1

0
1

e− i
ℏ pμxμ

( c ⃗σ ⃗p
E + mc2 )

E < 0 uB = (1
0), (0

1)
ψ (3)( ⃗x , t) = N

1
0

1
0

e− i
ℏ pμxμ( c ⃗σ ⃗p

E − mc2 ) ψ (4)( ⃗x , t) = N

0
1

0
1

e− i
ℏ pμxμ( c ⃗σ ⃗p

E − mc2 )

( c ⃗σ ⋅ ⃗p
E + mc2 ) ∼ 𝒪 ( v

c ) p.ej. ⃗p = p ̂k ⃗σ ⋅ ⃗p = σ3 p

E ≃ mc2
p ≃ mv ( c ⃗σ ⋅ ⃗p

E + mc2 ) (1
0) = (

c mv
2mc2

0 ) = (
v

2c

0 )



CLASE 6: Ecuación de Dirac

soluciones de la ec. de Dirac

2 sol. l.i. para el mismo valor de E y de :⃗p  y  no son un conjunto completo …H ⃗P

⃗p = 0 Σ3 ≡ (σ3 0
0 σ3)

Σ3ψ (1) = + ψ (1)

Σ3ψ (2) = − ψ (2)

⃗p ≠ 0 [H, Σi] ≠ 0
d ⃗Σ
dt

=
i
ℏ

[H, ⃗Σ ] = −
2c
ℏ

⃗α × ⃗p

d ⃗Σ ⋅ ̂p
dt

= −
2c
ℏ

⃗α × ⃗p ⋅ ̂p helicidad

[H, Li] ≠ 0 ⃗L ≡ ⃗r × ⃗p

d ⃗L
dt

=
i
ℏ

[H, ⃗L ] = c ⃗α × ⃗p

⃗J ≡ ⃗L +
ℏ
2

⃗Σ [H, Ji] = 0  ~ momento angular intrínseco⃗Σ

W. Pauli (1924)
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límite no relativista

⃗p ⟶ ⃗p −
q
c

⃗A E ⟶ E − qϕ

(c ⃗α ⋅ ⃗p + β mc2) ψ = E ψ

⟶ [c ⃗α ⋅( ⃗p −
q
c

⃗A ) + β mc2] (ψA
ψB) = (ϵNR + mc2 − qϕ)(ψA

ψB)
≡ ⃗π

[c ( 0 ⃗σ ⋅ ⃗π
⃗σ ⋅ ⃗π 0 ) + (mc2 0

0 −mc2) + qϕ] (ψA
ψB) = (ϵNR + mc2)(ψA

ψB)
c ⃗σ ⋅ ⃗π ψB + mc2ψA + qϕψA = (ϵNR + mc2)ψA

c ⃗σ ⋅ ⃗π ψA − mc2ψB + qϕψB = (ϵNR + mc2)ψB

(ϵNR − qϕ)ψA = c ⃗σ ⋅ ⃗π ψB

(ϵNR + 2mc2 − qϕ)ψB = c ⃗σ ⋅ ⃗π ψA

ψA =
c ⃗σ ⋅ ⃗π

(ϵNR − qϕ)
ψB

ψB =
c ⃗σ ⋅ ⃗π

(ϵNR + 2mc2 − qϕ)
ψA

ψA =
c ⃗σ ⋅ ⃗π

(ϵNR − qϕ)
c ⃗σ ⋅ ⃗π

(ϵNR + 2mc2 − qϕ)
ψA

ψA =
c2 (π2 + i ⃗σ ⋅ ( ⃗π × ⃗π ))

(ϵNR − qϕ)(ϵNR + 2mc2 − qϕ)
ψA

⃗π × ⃗π ≠ 0

ψ = (ψA
ψB)



límite no relativista

⃗π × ⃗π = ( ⃗p −
q
c

⃗A ) × ( ⃗p −
q
c

⃗A )

= ⃗p × ⃗p −
q
c

⃗p × ⃗A −
q
c

⃗A × ⃗p +
q2

c2
⃗A × ⃗A

=
q
c

iℏ ( ⃗∇ × ⃗A + ⃗A × ⃗∇ )

( ⃗π × ⃗π )ψ =
q
c

iℏ ( ⃗∇ × ⃗A ψ + ⃗A × ⃗∇ ψ) =
q
c

iℏ [( ⃗∇ × ⃗A )ψ + ⃗∇ ψ × ⃗A + + ⃗A × ⃗∇ ψ]
=

q
c

iℏ ( ⃗∇ × ⃗A )ψ

ψA =
c2 (π2 + i ⃗σ ⋅ ( ⃗π × ⃗π ))

(ϵNR − qϕ)(ϵNR + 2mc2 − qϕ)
ψA =

c2 (π2 + i ⃗σ ⋅ (iℏ q
c ( ⃗∇ × ⃗A ))

(ϵNR − qϕ)(ϵNR + 2mc2 − qϕ)
ψA

ψA =
c2 (( ⃗p − q

c
⃗A )2 − q

c ℏ ⃗σ ⋅ ⃗B )
(ϵNR − qϕ)(ϵNR + 2mc2 − qϕ)

ψA ψA(ϵNR − qϕ) =
1

2m (( ⃗p −
q
c

⃗A )2 −
q
c

ℏ ⃗σ ⋅ ⃗B ) ψA

[ 1
2m (( ⃗p −

q
c

⃗A )2 −
q
c

ℏ ⃗σ ⋅ ⃗B ) + qϕ] ψA = ϵNR ψA

CLASE 6: Ecuación de Dirac



límite no relativista

g = 2

g = 2.00321930436182(52)  (NIST 2018)

CLASE 6: Ecuación de Dirac

[ 1
2m (( ⃗p −

q
c

⃗A )2 −
q
c

ℏ ⃗σ ⋅ ⃗B ) + qϕ] ψA = ϵNR ψA

q
2mc

ℏ ⃗σ ⋅ ⃗B =
gq

2mc
⃗S ⋅ ⃗B

teoría (3 loops)

ψA = ψschroedinger (1
0)


