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CLASE 8: Covariancia y transformación de espinores

Covariancia: todos tienen razón

en S     xμ = (ct, ⃗x )

en S’    x′￼
μ = (ct′￼, ⃗x′￼)

x′￼
μ = Λμ

ν xν

Λ →

γ −γβ 0 0
−γβ γ 0 0

0 0 1 0
0 0 0 1 boost en x

xν →

ct
x1
x2
x3

γ ≡ 1/ 1 − β2

β ≡ v/c

Vi(x) Rij matriz de 3x3vector ⟶ V′￼i(x′￼) = Rij Vi(x)

cuadrivector Aμ(x) ⟶ A′￼
μ(x′￼) = Λμ

ν Aν(x)

ψ(x)? ψ(x) ⟶ ψ′￼(x′￼) = S(Λ) ψ(x)



CLASE 8: Covariancia y transformación de espinores

Covariancia: todos tienen razón

en S            (1)(iℏγμ ∂
∂xμ

− mc) ψ(x) = 0

en S’         (2)(iℏγμ ∂
∂x′￼

μ − mc) ψ′￼(x′￼) = 0

∂
∂xμ

=
∂x′￼

ν

∂xμ

∂
∂x′￼

ν

x′￼
ν = Λν

μ xμ

= Λν
μ

∂
∂x′￼

ν  en (1)      (iℏ γμΛν
μ

∂
∂x′￼

ν − mc) S−1(Λ) ψ′￼(x′￼) = 0

ψ(x) = S−1(Λ)ψ′￼(x′￼)      S → (iℏ S(Λ)γμ Λν
μ S−1(Λ)

∂
∂x′￼

ν − mc) ψ′￼(x′￼) = 0

    S(Λ) Λν
μ γμ S−1(Λ) = γν

    Λν
μ γμ = S−1 (Λ) γν S(Λ)

    S(Λ) γμ Λν
μ S−1(Λ) = γν
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Ej. rotación en z:

para un espinor S=1/2 ∼ e−i θ
2 ⃗σ ⋅ ̂n

Srotz(Λ) = e−i θ
2 Σ3 Σ3 ≡ (σ3 0

0 σ3)= cos
θ
2

− iΣ3 sin
θ
2

= iγ1γ2= eγ1γ2
θ
2

σμν ≡
i
2

[γμ, γν] =
i
2

(γμγν − γνγμ) (μ ≠ ν)= iγμγν Srotz(Λ) = e−iσ12
θ
2

Ej. boost en x:

{x′￼
1 = x1cosθ − x2senθ

x′￼
2 = x2cosθ + x1senθ {x′￼

0 = γx0 − γβx1

x′￼
1 = γx1 − γβx0

= x0coshω − x1senhω
= x1coshω − x0senhω

Sboostx(Λ) = e−iσ01
ω
2

senhω ≡ γβ
coshω ≡ γ

tghω = β = v/c

−iσ01 = γ0γ1 = − γ0γ1 = − ββα1 = − α1

= e−α1
ω
2

Sboostx(Λ) = cosh
ω
2

− α1 sinh
ω
2

= cosh
ω
2

− γ0γ1 sinh
ω
2
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inversa:           S−1(Λ) θ → − θ ω → − ω S−1S = 11

S−1S = (cosh
ω
2

− γ0γ1 sinh
ω
2

)

= 11

para boosts:

(+1)

Sboostx(Λ) = cosh
ω
2

− γ0γ1 sinh
ω
2

(cosh
ω
2

+ γ0γ1 sinh
ω
2

)

= (cosh2 ω
2

− γ0γ1γ0γ1 sinh2 ω
2

) = (cosh2 ω
2

+ γ0γ0γ1γ1 sinh2 ω
2

)
(−1)

para rotaciones: Srotz(Λ) = cos
θ
2

+ γ1γ2 sin
θ
2

S−1S = (cos
θ
2

+ γ1γ2 sin
θ
2

)(cos
θ
2

− γ1γ2 sin
θ
2

)

= (cos2 θ
2

− γ1γ2γ1γ2 sin2 θ
2

) = (cos2 θ
2

+ γ1γ1γ2γ2 sin2 θ
2

)
(−1) (−1)

= 11
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    S−1 (Λ) γμ S(Λ) = Λμ
ν γν

para rotaciones:

(cos
θ
2

− γ1γ2 sin
θ
2

) γμ (cos
θ
2

+ γ1γ2 sin
θ
2

) =

1 0 0 0
0 cos θ −sin θ 0
0 sin θ cos θ 0
0 0 0 1

γ0

γ1

γ2

γ3

γ0

γ1

γ2

γ3

γ0S−1S = γ01ra fila

4ta fila γ3S−1S = γ3

2da fila γ1(cos
θ
2

+ γ1γ2 sin
θ
2

) (cos
θ
2

+ γ1γ2 sin
θ
2

) = (γ1 cos θ − γ2 sin θ)

γ1(cos2 θ
2

+ γ1γ2γ1γ2 sin2 θ
2

+ 2γ1γ2 sin
θ
2

cos
θ
2

)

γ1(cos2 θ
2

− sin2 θ
2

+ 2γ1γ2 sin
θ
2

cos
θ
2

)

γ1(cos θ + γ1γ2 sin θ)
γ1 cos θ − γ2 sin θ
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S†γ0 = γ0S−1 S† = γ0S−1γ0

para rotaciones:

S = (cos
θ
2

+ γ1γ2 sin
θ
2

)

S† = (cos
θ
2

+ γ2†γ1† sin
θ
2

) = (cos
θ
2

− γ1γ2 sin
θ
2

) = (γ0γ0 cos
θ
2

− γ0γ0γ1γ2 sin
θ
2

)

= (γ0 cos
θ
2

γ0 − γ0γ1γ2γ0 sin
θ
2

) = γ0(cos
θ
2

− γ1γ2 sin
θ
2

)γ0

S = cosh
ω
2

− γ0γ1 sinh
ω
2

para boosts:

S† = cosh
ω
2

− γ1†γ0† sinh
ω
2

= cosh
ω
2

− γ0γ1 sinh
ω
2

= γ0γ0 cosh
ω
2

− γ0γ0γ0γ1 sinh
ω
2

= γ0 cosh
ω
2

γ0 + γ0γ0γ1 sinh
ω
2

γ0 = γ0(cosh
ω
2

+ γ0γ1 sinh
ω
2

)γ0
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S†γ0 = γ0S−1 S† = γ0S−1γ0

ψ′￼= ? ψ′￼= Sψ

ψ′￼
† = (Sψ)†= ψ†S†

ψ′￼= ψ′￼
†γ0 = ψ†S†γ0 = ψ†γ0S−1 = ψ S−1

J′￼
μ = ψ′￼γμψ′￼ = ψ S−1γμS ψ = Λμ

ν ψγνψ = Λμ
ν Jν ∂μ Jμ = 0

ρ0 = ψγ0ψ = ψ†ψ no es invariante

ψ′￼ψ′￼= ψ S−1S ψ = ψ ψ = |ψ1 |2 + |ψ2 |2 − |ψ3 |2 − |ψ4 |2

ψ ≡ ψ†γ0
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Paridad Intrínseca:

⃗x ⟶ − ⃗x Λ =

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

Sp = γ0 =

1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

Sp = ?     S−1 (Λ) γμ S(Λ) = Λμ
ν γν

    S−1
p γ0 Sp = γ0

    S−1
p γi Sp = − γi

    γ0Sp = Sp γ0

    γiSp = − Sp γi

partículas y antipartículas tienen paridades opuestas


