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CLASE 13: Gauge no abeliano

ψi ⟶ ψ′￼i =
N

∑
j=1

Uij ψj

Ψ =

ψ1
ψ2
⋮

ψN

Ψ′￼= U Ψ UN×N

ℒ =
N

∑
i=1

ψi(iγμ∂μ − mi)ψi

ℒ = Ψ(iγμ∂μ − M)Ψ MN×N

U(α1, α2, …, αN2−1) = ei(α1T1+α2T2+…+αN2−1TN2−1)

U ∈ U(1)
ψ ⟶ ψ′￼= U ψ = eiqα(x) ψ

U ∈ SU(N )
Ψ ⟶ Ψ′￼= U Ψ = eigαa(x)Ta Ψ

∂μψ ⟶ ∂μψ′￼= iq(∂μα)U ψ + U∂μψ ∂μΨ ⟶ ∂μΨ′￼= ig(∂μαa)Ta UΨ + U∂μΨ

Dμ ≡ ∂μ − iq Aμ Dμ ≡ ∂μ − ig Ta Wa
μ

Aμ ⟶ A′￼μ = Aμ + ∂μα(x) TaWa
μ ⟶ TaW′￼a

μ =
1
ig

(∂μU)U−1 + UTaWa
μU−1

ψ ⟶ ψ′￼= ψ eiqα(x) ℒ = ψ(iγμDμ − m)ψ Dμ ≡ ∂μ − iq Aμ

ℒ = ψ(iγμDμ − m)ψ −
1
4

FμνFμν

de U(1) a SU(N)



CLASE 13: Gauge no abelinao

A′￼μ =
1
iq

(∂μU)U−1 + UAμU−1 U = eig αa(x) Ta U = 1 + ig αa Ta + 𝒪(α2)
U−1 = 1 − ig αa Ta + 𝒪(α2)

(Wa
μTa)′￼=

1
ig

ig(∂μαa)TaU U−1+(1 + ig αb Tb) Wa
μTa (1 − ig αc Tc)

= ∂μαaTa +Wa
μTa +ig αb TbTa Wa

μ −ig αc TaTc Wa
μ +𝒪(αbαc)

= ∂μαaTa +Wa
μTa +ig αb (TbTa − TaTb) Wa

μ c → b
[Tb, Ta] = ifbacTc

= ∂μαaTa +Wa
μTa −g αb fbacTc Wa

μ
c → a
a → c

= ∂μαaTa +Wa
μTa −g αb fbcaTa Wc

μ

= ∂μαaTa +Wa
μTa −g fabcαbWc

μ Ta

∂μαa +Wa
μ −g fabcαbWc

μW′￼a
μ = ∼ A′￼μ = ∂μα + Aμ

de U(1) a SU(N)
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[Dμ, Dν] ψ = − iq Fμν ψ Gμν ≡
1

−ig
[Dμ, Dν]

DμDν Ψ = ∂μ∂νΨ − igWa
μTa∂νΨ − ig(∂μWa

ν )TaΨ − igWa
ν Ta(∂μΨ) − g2Wa

μTaWb
ν TbΨ

DνDμ Ψ = ∂ν∂μΨ − igWa
ν Ta∂μΨ − ig(∂νWa

μ)TaΨ − igWa
μTa(∂νΨ) − g2Wa

ν TaWb
μTbΨ

DμDν − DνDμ = −ig(∂μWa
ν − ∂νWa

μ)Ta −g2Wa
μWb

ν [Ta, Tb]
−ig2Wa

μWb
ν fabcTc a → b b → c c → a

−ig2Wb
μWc

ν fbcaTa

−ig2Wb
μWc

ν fabcTa

[(∂μWa
ν − ∂νWa

μ) +gWb
μWc

ν fabc] TaGμν = = Ga
μνTa

G′￼μν = U Gμν U−1 (GμνGμν)′￼= U Gμν U−1U Gμν U−1 Tr[(GμνGμν)′￼] = Tr[GμνGμν]

ℒYM = Ψ(iγμ∂μ − M)Ψ + g(ΨγμTaΨ)Wa
μ −

1
4

Ga
μνG

μν
a

Tr[GμνGμν] =
1
2

Ga
μνG

μν
a

de U(1) a SU(N)

C.N. Yang R. Mills



ℒYM = Ψ(iγμ∂μ − M)Ψ + g(ΨγμTaΨ)Wa
μ −

1
4

Ga
μνG

μν
a
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QCD 

G. ’t Hooft
Ψ =

ψR
ψB
ψG

ΨγμT̃aΨ = (ψR, ψB, ψG) γμ 1
2 (

0 0 1
0 0 0
0 0 0)

ψR
ψB
ψG

= ψR γμ 1
2

ψG

GR3 ⊗ 3 = 8 + 1

Ga
μνG

μν
a = [(∂μWa

ν − ∂νWa
μ) +gWb

μWc
ν fabc] [(∂μWν

a − ∂νWμ
a ) +gWμ

b Wν
c fabc]

= (∂μWa
ν − ∂νWa

μ) (∂μWν
a − ∂νWμ

a )

+gWb
μWc

ν fabc(∂μWν
a − ∂νWμ

a ) ∼ g

+g2Wb
μWc

ν fabcWμ
b Wν

c fabc

∼ g2

1 ∼ RR + BB + GG T̃ ∼ 11 ∉ SU(3)
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QCD

G. ’t Hooft

e-

e+

µ-

µ+

e-

e+

µ-

µ+

e-

e+

µ-

µ+

σ =
4π

3s

α
2

0

+ +
e-

e+

µ-

µ+

+ ... σ =
4π

3s

α
2
0(1 + α0σ

(1)(s) + α
2
0σ

(2)(s) + ...)

e-

e+

µ-

µ+
σ =

4π

3s

α
2

eff
(s)

αeff(s) =
1

β0 log( s
Λ2

QCD
)

ΛQCD ∼ 200 MeV

D. Gross, F. Wilczek, 
D. Politzer
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QCD: libertad asintótica

l� = (E�,⌅l� )

l = (E,⌅l ) �

p
p�

q = l � l�

lμ pμ fijos

l′￼
μ p′￼

μ 8 variables

-4  conservación E-p

-1  l2 = m2
e

-1  p2 = m2
p

-1  en c.m.s. , simetría rotacionesl − p

 1  variable independiente (  o ) θ E′￼

 2 variables independientes (  y ) θ E′￼

σ

E′￼

θ = θ1
θ = θ2

θ = θ3

�W2

Q2

x = 0.25

Q2 = 4EE′￼sin(θ/2)

x =
Q2

2M(E − E′￼)

J. D. BjorkenR.P. Feynman
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J. D. BjorkenR.P. Feynman
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Q2(GeV2)

H1
ZEUS
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BCDMS
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NNLO NLO LO

MSTW 2008

�W2

Q2

x = 0.25

Q2 = 4EE′￼sin(θ/2)

x =
Q2

2M(E − E′￼)

QCD: libertad asintótica

σep ∼ ∑
q

∫ dx e2
q σeq fq(x)

fq(x) ⟶ fq(x, Q2)
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QCD: confinamiento

los estados “físicos” no pueden tener color explícito

los detalles del mecanismo de confinamiento no son perturbativos: 

lattice QCD /holografía/modelos efectivos

p
u

u
d

d
d

u
d

n

π+

αeff(s) =
1

β0 log( s
Λ2

QCD
)

ΛQCD ∼ 200 MeV

200 MeV ∼ 1 fm

factorización

distancias 
cortas

distancias 
largas


