Experimental study of the Neumann and Dirichlet boundary conditions
in two-dimensional electrostatic problems
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We present the results of an experimental study of the implications of the Neumann and Dirichlet
boundary conditions on the solution of two-dimensional electrostatic problems. The experimental
setup is simple and low cost. The experimental results are compared with theoretical expectations
using a spreadsheet program to solve Laplace’s equation with the appropriate boundary conditions.
Excellent agreement is found between the experimental results and the calculations. The simplicity
of the experiment and of the theoretical interpretation makes this experiment accessible to beginning
students. ©2002 American Association of Physics Teachers.
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I. INTRODUCTION (7,~10 8 s), at each instant of time the potential distribu-
tion is the same as the electrostatic distribution. However, it

o e e e ot . Shanges it Tme t th applie aerating requency
YPEs of boundary con Because we are considering stationary conditions
damental topics in intermediate and advanced courses - . .
/f>1,), we have thatl=ocE at all times, wherer is the

electromagnetism. In particular, the study of Neumann an ductivity of the liauid medi dis th densi
Dirichlet boundary conditions is often presented in advancedonductivity of the liquid media and is the current density.

courses:? Nonetheless, there is a relative scarcity of pub-AlSO the net charge density in the liquid is negligible,

lished experiments that illustrate their implication in practi- ~0, and therefore the equation of continuity becomes

;:izlssituations and are suitable for use in teaching laborato- V.(0E)=0. 1)
We present an experimental study of a two-dimensionaFor quasistatic conditions, we hav&/ XE=0 and

electrostatic problem that clearly illustrates the importance oE= — VV. Therefore

the Neumann and Dirichlet boundary conditions. Further- 2

more, the experimental results can be readily compared V- (aVV)=0V7V=0, 2

quantitatively with the numerical solution of Laplace’s equa-and the potentiaV/ satisfies Laplace’s equation

tion obtained by the relaxation method with the appropriate 5

boundary conditions implemented in a spreadsheethe Vev=0. ()

simplicity of the experiment and the technique for obtainingp similar result can be obtained from the wave equation for

the solutions o_f'LapIaces equation with d_|fferent types _Ofthe scalar potentiap, ™

boundary conditions makes it possible to include these im- 5

portant topics earlier in the curricula. V24— 19
The experimental setup we employ in our study of the ¢ c2 a2

field lines and equipotential surfaces is a dipolar configura- )

tion consisting of two electrodes immersed in a conductindf ¢(r.t)=V(r)exp{wt), where w=2=f, then in the long

media, distilled water in our case, which is contained in avavelength approximation, that is, much larger than the

rectangular basin. Typically, the conductivity, of the water ~ characteristic length of the system, we have

used ranged between 10to 102 Q" *m™1. To prevent 1 N

electrolysis, which would alter the chemical properties of the  y2y=_—v_0 if A= — o0, (5)

media over time, alternating current is used, with frequency, A2 2

f, in the range of 50 Hz to 1 kHz. In this way the effective he basin th . h . ducti

potential distribution does not change with time and hence i%ecagse the basin that cqnta_lns the water is nonconducting

stationary. At the chosen frequencias,the wavelength as- (@crylio), the current densityl in the water can only flow

sociated with the electromagnetic field is several hundred@rallel to the walls of the container. Therefore the perpen-
kilometers (. =c/nf~10° m, wherec is the speed of light dicular component of the curredtis zero at the surface of a

g honconducting wall. On these surfaces we have

=0. (4)

in vacuum anch?®=k is the dielectric constant of the liqui
at the corresponding frequencyBecause the wavelength is oV

much larger than the linear dimensions of the experimental ——=0, (6)
setup, the electric field configuration is essentially quasistatic

and equivalent to the electrostatic case. Also, because theheren indicates the direction perpendicular to the surface.
rate of change of the applied field is slow compared to theThis type of constraint on the potential is known as a Neu-

typical relaxation time of the medf® r,=keo/c  mann boundary conditioh.
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On the other hand, if we have a water—metal interface,wslusting

then because of the continuity equation, \ )
Jin=Jd2n, ()
we have /
o1E1h=02E,. (8) .
Here 1 and 2 refer to the liquid media and the metal, respec ) i
tively, andn(p) indicates the normdparalle) component of |=H=-3=y [ [ r

the electric field. Because the conductivity of the metal .
[oa~3.7¢10° (Am)~1] is much larger than that of the  '=™ = |
liquid medium[ o yaer~ 10" 3(Qm)~ 1], we find

(o] /
(_> E1n=E2n%0. (9) = M 1 —
g2 | o=k =1 =2 = k\
Therefore, we expect the electric field inside the conductor to nen-conducting

be much smaller than the electric field in the water. In other
words, the metal is essentially an equipotential volume. If weFig. 1. Schematic representation of a lower corner of the basin, limited by a
apply the Faraday induction law to the metal-liquid mixed boundary condition. The lower horizontal rim is nonconducting, and

interface%’s‘ we obtain thergfore sat'isfies the Neumann boundary condition, while the left vertical
rim is metallic (conducting and has been set to a potentig). Therefore
Elp: E2p . (10 this wall of the basin satisfies a Dirichlet boundary condition.

Because the metal is at @lmos) constant potentialf,,

~0, and the electric field in the ||qU|d is perpendicular to the|f we use the equiva|ent expression f]}r\/(xo 'yo)/ayzl itis
water—metal interface. In summary, the metallic conductorgasy to see that Eqél2) and (13) lead to

constitute equipotential volumes, that is,

V(X0,Y0) = #(V(Xo—h,yo) +V(Xo+h,yo) + V(Xg,Yo— )

V cong= CONstant. (11
This type of constraint on the potential is known as the Di- +V(Xo.yot+h)), (14
richlet boundary conditioh. or in our simplified notation

The experimental setup can be arranged to have a Dirich- _ _ _ _ o o
let or a Neumann boundary condition on the edge of theV/(i,j)= z(V(i—1,j)+V(i+1,j)+V(i,j—1)+V(i,j+1)).
basin by simply placing a conductor on the rim or leaving the (15

nonconducting material uncovered. It is also possible to COMNthe solution of Laplace’s equation can be obtained by an
struct a combination of the two types of boundary conditioneration procedure that is repeated until the maximum rela-

with the same setup. tive change in the functioWw(i,j) from one iteration to the

[I. NUMERICAL SOLUTION OF THE LAPLACE’S

EQUATION IN TWO DIMENSIONS " L]
There are several methods to solve Laplace’s equation ir ﬁ

two dimensions:’ The numerical technique that we will use I:' | —

is the relaxation methdd®® which can easily be imple- v

mented using almost any spreadsheet program. i -

PV(X,Y)  PV(XY)
V2V(x,y)= T 7y =0. (12

The relaxation technique in two dimensions has been exten
sively discussed in the literatuté;®8and is an example of a
finite difference method. It consists of dividing the region
over which we wish to find the solution of Laplace’s equa-
tion into a regular square mesh grid of dimenskor h. In
particular, for a rectangular region of dimensians b, the
interval of lengtha is divided inton=a/h segments and the
interval of lengthb is divided intom=Db/h segments. The
center of each square is characterized by the indek<i
<n) andj (1<j<m). For simplicity, we use the notation
that (i,j) indicates the coordinates(y;). The three point
approximation is used for the second derivative

rn-i-l--n--l-n- — e o = ==

|
|
1
|
{2, I
|
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I
|

Fig. 2. Schematic diagram of the experimental setup. The dashed line
around the rim of the basin indicates the different types of boundary condi-

5 ’ ) . - ]
9°V(Xg,Yo)  V(Xo+h,Yo) —2V(Xg,Yo) +V(Xo—h,Yo) tions imposed on the system. If the vertical walls of the container are cov
> ~ > . ered with a metalli¢conducting shim, we generate an equipotential surface

X h on the rim, that is, Dirichlet boundary conditions are imposed. If the metallic

(13 shim is removed, Neumann boundary conditions are obtained.
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Fig. 3. Experimentalleft-hand sidg and theoreticalright-hand sidgresult of the potential for the Dirichlet boundary condition.

next is less than a prescribed tolerance.ofn our case we conducting electrode at a potenth} along they axis (Di-
have chosen=0.001. The boundary conditions are satisfiedrichlet boundary condition characterized by=0 in Fig. 1,

by requiring that on the surface of the conductbirichlet  and a nonconducting wall on the lower horizontal ghigu-
boundary conditiop characterized by=0 in Fig. 1, the mann boundary conditioncharacterized by=N in Fig. 1.
potential is set to a constant value, determined by the naturéhe value of any point in the mesh that is not on the bound-
of the problem. Similarly, on the surface of a nonconductingary is obtained using Eq15). Those points that belong to a

material we require that Dirichlet boundary are held to the applied poten¥fgl, that
oV is
an O (18 V(i=0,)=V,. (17
that is, the Neumann boundary condition. The Neumann boundary condition in this example is satisfied
To illustrate how this technique can be implemented in &by requiring
spreadsheet program, each mesh regiop) (s represented V(i,j=N)=V(i,j=N—1), (18)

by a corresponding cell in the spreadsheet where the value is

the potential(i,j) at each point. As an example of the way where V(i,j=N—1) is calculated using Eq(15). The

that the boundary conditions are satisfied, let us assume thapreadsheets developed for this study are available and can
a given corner of the problem is limited on the left by a be downloaded.

Fig. 4. Experimentalleft-hand sidg¢ and theoreticalright-hand sidgresult of the potential for the Neumann boundary condition.
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Fig. 6. Comparison of the potential as a function of theoordinate for
A T fixed value ofy=20cm, for both the Dirichlet and Neumann boundary
conditions. The square symbols indicate the experimental result for the case
of Dirichlet boundary condition, and the triangular symbols indicate the
P Neumann boundary condition. The dotted curve is the prediction of the
_,--""f L relaxation technique using the Dirichlet boundary condition and the solid
- et curve is the corresponding solution for the Neumann boundary condition.
e S The dashed curve corresponds to the solution, ignoring the rim, that is, when
A ; the only requirement is tha¥ —0 as any of the coordinates approaches
- B infinity.

Winle]

. " depth. A standard digital AC voltmeter is used to measure the
— potential at each point of the basin relative to one of the
T T T T electrodes that is taken as a reference.
. i . - 1= . = For the configuration indicated in Fig. 2, the equipotential
e line that bisects the axis that joins the center of the electrodes
Fig. 5. Comparison of the potential as a function of theoordinate for IS at the effective potentialy/2. By symmetry, this equipo-
fixed values ofx=2 cm andx=32, for both the Dirichlet and Neumann tential line extends to infinity. Therefore, if we want our
boundary conditions. The square symbols indicate the experimental resufiotential to satisfy the usual convention\6&0 at infinity,
for the case of Dirichlet boundary condition and the triangular symbols ;
indicate the Neumann boundary g)ndition. The dotted curvg is theypredic\i,/ve mUEt normalize our measured valubeas ar.]d take
tion of the relaxation technique using the Dirichlet boundary condition, andY (X:¥) = Vmea{X,y) —Vo/2. It should be emphasized that
the solid curve is the corresponding solution for the Neumann boundaryvhat is physically meaningful is the potential difference. In
condition. The dashed curve corresponds to the solution, ignoring the rimall the figures, the quoted potential has been normalized in
that is, when the only requirement is that-0 as any of the coordinates this manner.
approaches infinity.

IV. RESULTS AND DISCUSSION

Although the finite difference technique based on @) One of the most interesting advantages of the experimen-
is not the most efficient procedure for the convergence of thé&l setup used in this experiment is its versatility. It is very
solution®8 it is simple to understand by beginning students,Straightforward to study several types of configurations using
and with current personal computers a reasonable matrix sizdifferent geometries for the electrodes as well as a variety of
of 100% 200 cells can be iterated 1000 times in less than £oundary conditions with only minor changes. .
second. Therefore, it is usually not important to resort to_ e first present our result for the geometry indicated in
more sophisticated techniques, such as over-relaxation, thoi‘g. 2, using an electrically isolated metallic shim on the rim

are not so straightforward to implement with a spreadsheet! the basin. This configuration corresponds to the Dirichlet
boundary condition with/=0 (Veas Vo/2) 0on the rim. The

three-dimensional pl&t on the left-hand side of Fig. 3 illus-
[11. EXPERIMENT trates the experimental results, whereas the plot on the right-
) hand side corresponds to the solution of Laplace’s equation,
The experimental setup adopted to study the electrostatightained by the relaxation method. The semiquantitative
potential is illustrated schematically in Fig. 2, and is similar similarity between the two figures is clear.
to the one used by other authbis the past. It consists ofa ~ Tq study the effect of changing the boundary conditions,
transparent rectangular acrylic tray, 24x1®84 cm and 2cm  we simply remove the metallic shim from the rim. The
in height, with millimetric paper attached to the bottom, al-boundary conditions are now reduced to the Neumann
lowing the rectangular coordinates of each point to be reboundary condition. The results are depicted in Fig. 4. On
corded. Two aluminum electrodes of different shapes arene left-hand side of this figure we have plotted the experi-
connected to the secondary of a transformer that provides anental results and on the right-hand side the theoretical pre-
AC voltage ofVy ~10 V (effective at 50 Hz. The acrylic diction obtained by solving Laplace’s equation. Again, the
basin is filled with distilled water to approximately 1 cm similarity between theory and experiment is clear. Further-
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Fig. 7. Athree-dimensional plot of the potential for the configuration shown at the center of this figure. On the left-hand side we show the expesirtiental
and on the right-hand side we show the solution of Laplace’s equation obtained by the relaxation method. The basin dimension used in this measurement w
35 cmx 45 cm.

more, the difference in the result of both experiment ancconfiguration’ As is clear from Figs. 5 and 6, this last model
theory between Figs. 3 and 4 is very striking, making quiteof the potential does not agree with either of the configura-
evident the physical implications of changing the boundarytions measured. Moreover, these figures illustrate the impor-

conditions of the system. _ tance of the boundary condition in determining the potential
To make a more quantitative comparison of our results, weyt e system.

present two-dimensional plots in Figs. 5 and 6 of the varia- In Figs. 7 and 8 we present three-dimensional plots of the

tion .Of the p(_)tenti_al along cuts pargllgl to theindy axi_s. In potentials obtained for two different arrangements of the
particular, Fig. 5 illustrates the variation along an axis paral- . . : ; i .
lel to they axis, at symmetrical distances from the electro des;electrodes. Figure 8 illustrates an interesting configuration of

(x=2 cm andx= 32 cm) that correspond to an axis at aboutmixed boundary conditions, and Fig. 7 shows a configuration

the mid-point between each electrode and the nearest wall. I?\f electrodes_ tha_t prqduces a typice_ll quadrupole field that is
Fig. 5 we have plotted the experimental results for both/€'Y useful in situations that require focusing a beam of
boundary conditions, together with the corresponding theoSharged particles. The corresponding configuration is indi-
retical predictions. For comparison purposes, we have alsgated at the center of these figures. On the left-hand side of
plotted the theoretical results obtained by requiring that the&ach figure we present the experimental results and on the
potential V=0 at infinity. This situation is commonly made right-hand side we show the corresponding numerical solu-
implicitly, when for instance we use as a model for thetion of Laplace’s equation. The similarities between theory
system of Fig. 2, the potential corresponding to a dipoleand experiment are self-evident. Furthermore, they illustrate

i (1H]

Fig. 8. Three-dimensional plot of the potential for the configuration shown at the center of this figure. On the left-hand side we show the expesiitental r
and on the right-hand side we show the result of Laplace’s equation obtained by the relaxation method. The basin dimension used in this measurement was
35 cmx 45 cm.
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the implication of the two types of boundary conditions onstudents to devise their own set of boundary conditions, pref-

the potential configuration of the system. erentially defining the boundary along segments parallel to
the coordinate axis. This selection will simplify the solution
of Laplace’s equation using the relaxation method.

V. CONCLUSIONS
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