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Toward a global systematic analysis of sub-barrier fusion enhancement
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A global systematic analysis relating the asymptotic enhancement of sub-barrier fusion cross sections with
the product of the coupling strength times the value of the Coulomb barrier is presented. It is found that all
systems involving static deformations, inelastic excitations, and transfer degrees of freedom, follow the same
systematic trend. In the analysis, the Coulomb barrier plays a central role in amplifying the relevance of the
couplings associated with a particular degree of freedom.@S0556-2813~98!51106-5#
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Fusion cross sections between heavy ions, at bombar
energies near and below the barrier, show large enha
ments relative to the predictions of a one-dimensional bar
penetration model. Early attempts to find a global interpre
tion of the fusion process have focused on extracting fus
barriers and testing several theoretical potentials@1–3#.
Simple parametrizations of measured fusion excitation fu
tions in terms of gross nuclear properties have also b
published @4–6#. More recently considerable progress h
been achieved in the understanding of these enhancem
by including the internal structure of the participating nuc
in the dynamics of the reaction through coupled-channel
culations@7,8# and the interacting boson model@9#. In the
present work, we propose a global systematic analysis re
ing the magnitude of the asymptotic enhancement of the s
barrier cross sections with the product of the values of
Coulomb barrier and the values of the coupling strength n
essary to account for the fusion cross section. In our analy
the value of the Coulomb barrier,Vb , acts as an amplifier on
the coupling strength of a system~associated with static de
formations, inelastic excitations, or transfer reactions!, i.e.,
for a nucleus with a quadrupole deformationb2 , the bigger
the productb2•Vb , the larger the sub-barrier fusion en
hancement. All the systems studied, which include ca
where static deformations, inelastic excitations, and tran
degrees of freedom are involved, fall nicely into the sa
systematic trend.

We have investigated an extensive set of available dat
fusion cross section excitation functions and compared th
to thesametheoretical model. A simplified coupled-channe
code,CCMOD @10#, has been used to perform all the calcu
tions. This code is a modified version of the codeCCDEF@11#
which can treat static deformations and couplings to inela
excitations and transfer channels. The nuclear potential u
in the code has a Wood-Saxon shape and together with
Coulomb potential determines a parabolic barrier charac
ized by three parameters:Vb ~height!, Rb ~position!, and\v
~curvature!. This model has been extensively used in desc
ing ~mostly successfully! a large number of fusion excitatio
functions@12#. In our coupled-channels calculations we ha
included quadrupole and hexadecapole deformations of
570556-2813/98/57~6!/2826~4!/$15.00
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participating nuclei and the main inelastic and transfer re
tion channels for each system~inelastic excitations with
large coupling strengths and transfer channels with posi
Q values!. The values of the deformation parameters and
electromagnetic transition probabilities for the lowest exci
states of the target and/or projectile nuclei for each sys
were taken from the literature@13–15#. We present an analy
sis of sixteen different systems:4He1154Sm @16#,
16O1144Sm @17,18#, 16O1148Sm @18,19#, 16O1152Sm @19#,
16O1154Sm @18–20#, 16O1166Er @21#, 16O1176Yb @21#,
16O1186W @18#, 16O1232Th @22,23#, 28Si1142Ce @24,25#,
28Si1154Sm @26#, 32S1138Ba @24,25#, 32S1154Sm @27#,
48Ti1122Sn @24,25#, 40Ar1154Sm @28#, and40Ca1192Os @29#.

An instructive way to visualize the effects of coupling
the enhancement of the fusion cross section with respec
the one-dimensional penetration model has been propose
Vandenbosch@7#. It consists in taking the ratio of the exper
mental data,s fus, to the corresponding values of the predi
tions of the one-dimensional calculation with no coupling
s fus

unc. Operationally,s fus
unc is obtained in the following man-

ner: ~1! performing the calculations by first adjusting th
barrier parameters~Vb , Rb , \v) and including known val-
ues of the coupling strengths~permanent deformations, in
elastic excitations, and transfer reaction channels! to repro-
duce the experimental fusion cross section;~2! turning off
the coupling strengths to obtains fus

unc, which is the fusion
cross section predicted by the one-dimensional barrier p
etration model without couplings.

Figure 1 displays a set of existing data on fusion cro
sections for different systems normalized as explain
above. We can see that the experimental fusion cross
tions are increasingly enhanced as the bombarding en
Ec.m., decreases below the barrierVb . Well below the bar-
rier, these enhancements seem to remain constant. The
in the figure represent the fusion cross section,s fus

cou, ob-
tained by performing the coupled-channel model calculati
@10,11# when the corresponding coupling strengths of t
target and/or the projectile are included.

In order to quantify the fusion cross section enhanceme
we find it useful to define the concept of the asympto
energy shift~AES!, DEt , as
R2826 © 1998 The American Physical Society
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DEt5
\v

2p
lnFs fus

cou~Ec.m.!

s fus
unc~Ec.m.!

G , for Ec.m.!Vb . ~1!

This definition is identical to the AES introduced by Agui
et al. @6#. We can see in Fig. 1 that the extrapolat
asymptotic enhancement varies from 1 to 1014. We can also
notice that for a given target,154Sm, this enhancement in
creases as the mass orZ of the projectile increases. Th
increase in the magnitude of the enhancement for more s
metric systems was noted in early studies of sub-barrier
sion @4#. However, this connection has not been clearly id
tified with the relevant physical processes or this trend
been associated with an onset of more exotic degrees of
dom such as neck formation@6#.

In order to understand the trend observed in Fig. 1, le
consider the case of a system consisting of a spherical
jectile and a permanently deformed target, characterized
quadrupole deformation parameterb2 . The average varia
tion in the interacting potentialDVb , produced by a defor-
mation in the target, is, to a first order, given by

DVb

Vb
.

DRtgt

Rb
. ~2!

The variation of the radius for a quadrupole deformed tar
is DRtgt'b2Rtgt ; therefore

DVb'b2Vb

Rtgt

Rb
. ~3!

Since, at sub-barrier energies, the fusion cross section is
portional to

s fus'expF2p

\v
~Vb2Ec.m.!G , ~4!

then, by combining Eqs.~1!, ~3!, and~4!, we obtain

FIG. 1. The ratio of experimental fusion cross sections to
one-dimensional penetration models fus

unc. The lines were obtained
using a modified version ofCCDEF, including permanent quadrupol
and hexadecapole deformations, inelastic excitations, and tra
degrees of freedom of the target and/or the projectile.
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DEt}b2Vb

Rtgt

Rb
. ~5!

Therefore, we see that following this heuristic argument, o
would expect that for systems where the quadrupole de
mation is the dominant degree of freedom,DEt will be pro-
portional to the productb2Vb . This physical picture can be
generalized for the case in which both the projectile and
target have permanent quadrupole and hexadecapole d
mations. Following Vandenbosch@30# we can define

beff5AF S (
l

bl
projD Rproj

Rb
G2

1F S (
l

bl
tgtD Rtgt

Rb
G2

, ~6!

whereRproj andRtgt are the radii of the projectile and targe
respectively, andl is the multipolarity of the deformation.

Figure 2 displays the values ofDEt versusbeffVb . For
each system, the values of the asymptotic energy shift,
fined in Eq. ~1!, were obtained from the coupled-chann
calculations described above, while the values ofbeff were
calculated using Eq.~6! with values of the quadrupole an
hexadecapole deformations of the respective targets and
jectiles taken from Ref.@14#. We can observe that the sys
tems represented by filled squares in Fig. 2 fall within t
same trend~the dashed line through the data guides the ey!,
while the systems represented by solid circles fall outs
this regular behavior. For the former systems~squares!, the
dominant effects responsible for the sub-barrier enhan
ments are the static deformations, whereas for the la
~circles! the more relevant degrees of freedom are the ine
tic and transfer reactions channels. The fact that the syst
indicated by solid circles fall outside the main trend can
explained because in the horizontal axis we have only
cluded the parameters associated to permanent deforma

e

fer

FIG. 2. An asymptotic energy shift, defined in Eq.~1! and ob-
tained using coupled-channel calculations described in the text,
function of the productbeffVb . The dashed curve is drawn to guid
the eye.
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~which are not the dominant degrees of freedom for th
systems!. Moreover, according to the definition ofbeff given
by Eq. ~6!, for a permanently deformed nucleus, with bo
quadrupole and hexadecapole deformations, these two d
mations act coherently since their effects on the interac
potential are spatially correlated. The contributions of
target and the projectile are added incoherently, because
are, to a large extent, independent contributions. In gene
the physics of the process dictates the mode for adding
different contributions. It is interesting to note, that the co
nection betweenDEt and beffVb has been previously ob
tained by some authors@6#, nevertheless, this connection h
not been sufficiently exploited.

In an effort to include the rest of the degrees of freed
~inelastic excitations and transfer reaction channels! that af-
fect the fusion cross section within a unified picture, we a
peal to the physics involved in the coupled-channel
proach. Following Dassoet al. @31#, the effect of including
n-couplings into the fusion process is to split the origin
barrier into n11 barriers. In general, the coupling of th
incident channels to other channel generates a lower a
higher barrier than the original one. At energies well bel
the barrier, the lower barriers are responsible for the fus
enhancement. It is a rather straightforward procedure to
culate the barrier shiftl associated with each coupled
channel@10,31#. They are obtained through a diagonalizati
method of the coupling matrix which depends on the c
pling strength and theQ value of the relevant states. In th
particular case of a single channel, with coupling strengthf ,
andQ valueQ0 , the lowering of the barrier is given by

l25
1

2
~2Q0

22AQ0
214 f 2!. ~7!

The values ofl2 have the analogous physical effect of t
parameterbeffVb associated with the permanent deform

FIG. 3. An asymptotic energy shift, defined in Eq.~1! and ob-
tained using coupled-channel calculations described in the text,
function of the parameterbeffVb1kl calculated using Eq.~9! with
k51.65. The dashed curve is drawn to guide the eye.
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tions, however, in general these parametersl ~associated
with inelastic scattering and transfer channels! will affect the
enhancement with different weighing factors. Therefore,
physics of the problem suggests defining the parameter,

beffVb1kl5beffVb1k(
i

ul2u i , ~8!

wherek is a scale factor~of the order of unity! that weights
the effects on the fusion cross section of the deformat
versus the inelastic and transfer reaction degrees of freed

In Fig. 3 we display the values ofDEt as a function of the
parameter beff•Vb1k•l calculated using Eq.~8! with
k51.65. We can see that the scatter of the data observe
Fig. 2 has almost disappeared. The fact that all the syst
fall nicely within a single trend indicates the soundness
this unified approach, which includes the effects of the qu
rupole and hexadecapole permanent deformations, the in
tic excitations, and the transfer reaction channels to acco
for the enhancements of the fusion cross sections at ene
below the barrier.

Another interesting aspect of this approach, is that it c
also be applied to a single degree of freedom. For exam
the effect of the hexadecapole deformation component
be isolated and put as evidence if we introduce the follow
parameter:

DEb4
5

\v

2p
lnS s fus

cou~Ec.m.,b2 ,b4 ,a!

s fus
cou~Ec.m.,b2 ,b450,a!

D , for Ec.m.!Vb .

~9!

The extent in which the quadrupole and the hexadecap
deformations contribute to the enhancement independe
DEb4

, describes the contribution to the enhancement ass

ated withb4 . In this expressiona represents all the othe
coupling parameters associated with the inelastic excitat

s a
FIG. 4. An asymptotic energy shift associated to the hexade

pole deformation,DEb4
, as a function ofb4Vb . The dashed curve

is drawn to guide the eye.
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and transfer channels that are the same in the numerato
denominator of this expression.

In Fig. 4 we show the values ofDEb4
versusb4Vb . Once

again we find a clear trend that nicely indicates the mag
fying effect of the Coulomb barrier, in this case, on the is
lated effect of the hexadecapole deformation. Moreover,
trend persists tonegativevalues ofb4 where for energies
below the Coulomb barrier the contribution of the hexade
pole deformation causes a well-knowndecreasein the fusion
cross section@32#. The correlation shown in Fig. 4 strength
ens the conclusion that a given coupling~in this case a per-
manent hexadecapole deformation! will become more rel-
evant as the Coulomb interaction increases.

In conclusion, we have analyzed a set of sixteen fus
cross sections excitation functions and compared them to
same model. All the calculations were performed with t
coupled-channel code,CCMOD @10#, by taking into account
the dominant degrees of freedom of the corresponding
ticipating nuclei: quadrupole and hexadecapole deform
tions, inelastic excitations, and transfer reaction chann
We found that the asymptotic sub-barrier cross section
hancement characterized by the total asymptotic energy s
DEt , increases monotonously with the quantitybeff•Vb
1k•l. Similarly the asymptotic energy shift associated w
n
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ift,

the hexadecapole deformation,DEb4
, increases monoto

nously with the productb4•Vb . The correlations just men
tioned are useful in predicting the effect on the enhancem
of a given degree of freedom on the fusion cross sectio
They also allow us to choose the most adequate reac
system for studying the effect on the fusion cross section
a given degree of freedom. In all cases, the magnitude oVb

can be thought of as a magnifying parameter of the co
sponding coupling strength. In the case of permanent de
mations this magnification effect is explicit; however, for th
inelastic and transfer channels, this effect is indirect since
magnitude of the Coulomb barrier affects the value of
corresponding form factorsf in Eq. ~7! as described in Ref
@33#. Our physical interpretation of this general systema
overview emphasizes the central role of the Coulomb bar
in amplifying the relevance of the couplings associated w
a particular degree of freedom.
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